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Chapter 1

The Real and Complex
Number Systems

Unless explicitly stated otherwise, all numbers in this chapter’s exercises are
understood to be real.

1.1 Exercise 1
If r is rational (r # 0) and « is irrational, prove that r +z and rz are irrational.

Proof. Suppose r is rational, so that » = a/b for a,b € Z, and let = be irrational.
Now assume for contradiction that r + x is rational. Then, for some integers ¢
and d, we can write

c a bc—ad

S U A S VI

so that z is rational: a contradiction. Therefore r» + x must be irrational.
Similarly, if we assume that ro = ¢/d for ¢,d € Z, then, since r # 0,

1 (rz) b ¢ be
r=—-(rz)=—-—-=—,
r a d ad
again a contradiction. Hence rx must be irrational. O

1.2 Exercise 2

Prove that there is no rational number whose square is 12.

Proof. Assume the contrary, and let p and g be integers such that p? = 12¢2.
We may further suppose that p and ¢ have no common factors other than 1.
Then 2 divides p? so that 2 divides p as well. Thus we can write p = 2k for
k € Z. Then 4k? = 12¢?, which implies that k? = 3¢2.

Now 3 divides k2, so 3 divides k as well (if 3 does not divide k, then 3 could
not divide k2 since 3 is prime), allowing us to write k = 3¢ for £ € Z. Hence
3¢®> = 902 which implies that ¢ = 3¢2. Then 3 divides ¢® and thus q as well.

1



2 CHAPTER 1. THE REAL AND COMPLEX NUMBER SYSTEMS

Since 3 divides k, it must divide p, and we see that 3 is a common factor of p
and ¢, which contradicts our choice of p and ¢. Therefore there is no rational
number p/q whose square is 12. O

1.3 Exercise 3

Prove Proposition 1.15:

Proposition. Let F be a field and let x,y, z € F'. Then the following properties
hold.

(a) Ifx#0 and zy = x2 theny = =.
(b) Ifz #£0 and zy = x then y = 1.
(c) Ifz#0 and xy =1, then y = 1/a.
(d) Ifz #0 then 1/(1/z) = z.

Proof. (a) Let z,y, z be such that zy = xz, with « # 0. Since « is nonzero, it
has a multiplicative inverse 1/z. So

S P S T 0 I

(b) Suppose zy =z, v # 0. As before, 1/x exists, so we have

1
—x=1
x

1 1
x x
(¢) Ifxy =1, z #0, then
1 1 1 1
x x x

(d) Let  # 0. Since (1/x)z = 1, it follows from part above that z =

1/(1/x).
O

1.4 Exercise 4

Let E be a nonempty subset of an ordered set; suppose « is a lower bound of
E and ( is an upper bound of E. Prove that o < .

Proof. Since E is nonempty, we may choose n € E. « is a lower bound of E, so
a < n. On the other hand, 8 is an upper bound, so n < 8. By the transitive
property for ordered sets (see Definition 1.5 in the text), a« < n and n < f8
together imply that a < . O
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1.5 Exercise 5

Let A be a nonempty set of real numbers which is bounded below. Let —A be
the set of all numbers —z, where z € A. Prove that

inf A = —sup(—A).

Proof. Let a = inf A and choose any b € —A (we know —A is nonempty since
A is nonempty). Then —b € A so that a < —b, which implies b < —a. And b

was arbitrary, so —a = —inf A is an upper bound for —A.
—A is bounded above, so it has a least upper bound ¢ = sup(—A). We need
to show that ¢ = —a. Assume the contrary, and suppose ¢ < —a. Then since ¢

is an upper bound for —A, we have ¢ > b for all b in —A. Then —c¢ < —b, with
—b € A, so that —c is a lower bound for A. But ¢ < —a, so —¢ > a. Hence —c
is a lower bound for A, and it is larger than a = inf A, a contradiction. This
shows that ¢ = —a, so that sup(—A) = —inf A as required. O

1.8 Exercise 8

Prove that no order can be defined in the complex field that turns it into an
ordered field.

Proof. Assume the contrary, so that the set of complex numbers is an ordered
field with order <. Then by Proposition 1.18d, —1 = 2 > 0. But then 0 =
—14+1>0+1=1. Hence 0 > 1. But again by Proposition 1.18d, 1 = 12 > 0.
This is a contradiction, so the complex numbers cannot be an ordered field. [

1.9 Exercise 9

Suppose z = a + bi, w = ¢+ di. Define z < w if a < ¢, and also if a = ¢ but
b < d. Prove that this turns the set of all complex numbers into an ordered set.
Does this ordered set have the least-upper-bound property?

Note. For clarity, we will use the symbol < to represent the complex ordering
defined above. For the rest of this exercise, the ordinary < symbol will only
denote the usual ordering on R.

Proof. Let z = a + bi and w = ¢ + di be arbitrary complex numbers, with
a,b,c,d € R. Since R is an ordered field, exactly one of the statements a < c,
a > ¢, or a = ¢ must be true. We consider each case in turn: First, if a < ¢ then
z <w but w #£ z and certainly z # w. Next, if a > ¢, then w < z while z £ w
and z # w.

In the case where a = ¢, then either b < d, b > d, or b = d. If b < d then
z <w while w £ z and z # w. Similarly, if b > d, then w < z while z £ w and
z # w. And if b = d, then z = w and neither of the statements z < w and w < z
are true.

In every case, exactly one of z < w, w < z, or z = w is true.

Lastly, suppose that x = a1 +b14, y = ao + bat, and z = ag + bgi are complex
numbers with ag,br € R and such that x <y and y < z. There are four cases:
If a1 < ag < as, or if a1 < ag = ag, or if a3 = as < a3 then a7 < a3z and = < z.
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The last case is where a; = as = a3. In that case we must have by < by < b3 so
that b; < bs and x < z. This completes the proof. O

Claim. This ordered set does not have the least-upper-bound property.

Proof. Define A to be the set of all complex numbers a + bi with a,b € R such
that @ < 0. Then clearly A is bounded above by 0. Now suppose that z = x+yi
is any upper bound for A.

First note that > 0. For, if not, we could choose a real number z’ such
that x < 2’ < 0. But then 2’ € A and 2 < 2/, which would give a contradiction.

Now let 3’ be any real number less than y. Since z > 0, the complex number
2+ y'i is an upper bound for A. But x +y'i < 2z, so z cannot be the least upper
bound for A. Since z was arbitrary, this shows that the nonempty set A, which
is bounded above, has no least upper bound. O

1.10 Exercise 10

Suppose z = a + bi, w = u + v, and

1/2 N 1/2
a—('“’;“) , b—<|w|2 “> . (1.1)

Prove that 22 = w if v > 0 and that (2)? = w if v < 0. Conclude that every
complex number (with one exception!) has two complex square roots.

Proof. Direct computation gives

22 =a?® — b + 2abi

lwl+u  |Jw| —u |w| + u L2 |w] —u 17z
= - 42 Ll Bl B

2 2 2 2
=u+ (|w\2 — u2)1/2z’
=u-+ (v2)1/2i
=u+ |vli.

Therefore z2

ore z° = w if v > 0 and 2?2 = w if v < 0. In the latter case, we have

(2)? = (22) = w (by Theorem 1.31b).
Now, let w = u + vi be any complex number, and define @ and b as in (1.1
If v >0, then z = a + bi and —z = —a — bi are distinct complex numbers such
that 22 = w and (—2)? = w. On the other hand, if v < 0, then z = a — bi and
—Z = —a + bi are distinct values with (2)? = w and (—2)? = w. And lastly, if
v ="0and u # 0 then y = |u|"/? and —y = —|u|'/? are distinct with y*> = w
and (—y)? = w. Therefore the only complex number that does not have two
distinct complex square roots is 0 itself. O

1.11 Exercise 11

If z is a complex number, prove that there exists an r > 0 and a complex number
w with |w| = 1 such that z = rw. Are w and r always uniquely determined by
2?7
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Proof. If z =0, we may take r =0 and w = 1.
Otherwise, |z| > 0 and we may simply let

r=|z| and w=

EN

Then z = rw, and r > 0 by Theorem 1.33a. Moreover,

_\1/2
— (w2 = [ 22 _
lw| = (ww)Y _(|z|2> =1 O

Claim. w and r are uniquely determined by z if and only if z # 0.

Proof. First, fix a nonzero complex number z. Suppose z = ryw; = rows, where
r1,72 > 0 and |wi| = |wz| = 1. Then

r1 = |riflwi| = |z| = [ra|wz| = o

and, since z is nonzero, r; and 75 are positive and we have

2w

w1 = = Wa2.

1

Therefore w and r are uniquely determined.
To prove the other direction, suppose z = 0. Then we may let r = 0, w; = 1,
and wy = —1 so that z = rw; = rwy but wy # ws. O

1.12 Exercise 12
If z1,..., 2z, are complex, prove that

|21+ 20+ -+ 20| < |z1| + 22|+ + |2n]- (1.2)
Proof. We use induction on n. The case where n = 1 is trivial. Now suppose
holds for n = k where k is any positive integer. Then by Theorem 1.33e

and the induction hypothesis we have

|21+ 20+ -+ 26+ 2eg1] = |21+ 22+ -+ 2pm1 + (26 + 2e41)|
< 2|+ |z + -+ lzpo1] 4 |2k + 20aa]
< |Zl| + |2’2‘ + -+ |Zk_1| + |Zk| + ‘Zk+1|.

Therefore (|1.2) holds for all positive integers n. O

1.13 Exercise 13

If ,y are complex, prove that

|z = |yl| < |z —yl.
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Proof. The triangle inequality from Theorem 1.33e gives
7| =z —y+yl < |z —yl+ |yl
so |z| — |y| < |x — y|. Similarly,
yl=ly—z+z[ < |z -yl + |zl

which gives |y| — |z| < |z — y].
Now there are two cases:

||z = |yl| = |=| = |y| if |z| - [y| >0,
or
Iz = [yl| = Iyl — |2 if |#] — |y < 0.

Either way, we get ||z| — |y[| < |z —yl. O

1.14 Exercise 14

If z is a complex number such that |z| = 1, that is, such that zzZ = 1, compute
11+ 2 41— 2%
Solution. Using Theorem 1.31, we get

1+ 2% =14 2)(1+2)
=1+2)(1+2)
=1+z2+4+2z2+4+22
=2+ 2Rez,

and, similarly,

1—2>=(01-2)(1-2)
=1—z—Z+4+2z2Z
=2—2Rexz.
Hence

L+ 2z2+]1 -2 =4 O

1.15 Exercise 15

Under what conditions does equality hold in the Schwartz inequality?

Solution. Let A, B, and C be defined as in the proof of Theorem 1.35. From
that proof, we have equality when Ba; = Cb; for each j from 1 to n. This will
be the case when a; = kb; for some constant k = C/B. O
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1.17 Exercise 17

Prove that
Ix+y]?+[x —y> =2[x|* + 2Jy|?

if x € R* and y € RF. Interpret this geometrically, as a statement about
parallelograms.

Proof. For any x,y € RF, we have

x+yP+x—y=x+y) - x+y)+(x-y) (x—y)
= (IxI*+2x -y +|y]*) + (IxI* —2x -y + |y[*)
=2|x|? + 2|y|*. O

Geometrically, this result says that the sum of the squares on the diagonals
of a parallelogram is equal to the sum of the squares on its sides. When x-y =0
the parallelogram is a rectangle and the statement reduces to the Pythagorean
Theorem.

1.18 Exercise 18

If £ > 2 and x € RF, prove that there exists y € RF such that y # 0 but
x -y = 0. Is this also true if £ = 17

Proof. Let x = (x1,...,2;). If 21 or o are nonzero, then we may let y =
(x2,—21,0,0,...,0) (provided k > 1). Then y # 0 but x -y = 0. On the other
hand, if either or both of x1, x5 are 0, then let y be the vector whose coordinates
are all 0 except with a 1 in the same position as one of the zero coordinates
from x. Again, y is nonzero while x -y = 0.

Finally, we note that the result is not true for K = 1. For example, if z = 1,
then there is no nonzero y with zy = 0. O

1.19 Exercise 19
Suppose a € R, b € R*. Find ¢ € RF and r > 0 such that

|x —al = 2|x — b (1.3)
if and only if |x — c| = .

Solution. Set . 5
c=-(4b—-a) and r=-|b—al.
3 3

Since norms are nonnegative, |x — c¢| = r if and only if

Ix —c|? =12,

or
2

1 4
x——-(4b—a)| =—-|b—al®
3 9
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This becomes

<x—§b+;a)~<x—§b+;a> :%(b—a)-(b—a).

Expanding and simplifying then reduces this equation to

1
~la]* = 0.

8 2 4
2_"p. Za. Zlpl? =
|x]| 3 X+3a x+3| | 3

Finally, if we square and expand equation (1.3)) in the same way, we see that
it reduces to the same equation above. Therefore (1.3) holds if and only if
|x —c|=r. O

1.20 Exercise 20

With reference to the Appendix, suppose that property (III) were omitted from
the definition of a cut. Keep the same definitions of order and addition. Show
that the resulting ordered set has the least-upper-bound property, that addition
satisfies axioms (A1) to (A4) (with a slightly different zero-element!) but that
(Ab) fails.

Solution. The proof that the set has the least-upper-bound property is the same
as the proof given in Step 3 in the Appendix, except that we don’t need the
part which shows that (III) holds.

Similarly, the proofs for (A1) through (A3) do not require modification.
However, the proof for (A4) doesn’t quite work since it makes use of property
(I11).

Instead, define

0'={req@|r <0}

Then for any cut «, if r € @ and s € 0/ then r + s < r so r + s € a. Therefore
a+0" C a. Now pick p € a. Then p+0 € a+0' so that « C o+ 0. This shows
(A4).

Finally, define 0* = {r € Q | r < 0}. Then 0* is a cut since it satisfies
properties (I) and (IT), however there is no cut « such that 0* + « = 0'. If there
is such an «, then in particular 0 € 0* 4+ « so that for some r € 0*, we have
—r €a Butr <0sor/2€0* Thenr/24+(—r) €0*+abutr/2—7r>0
which shows /2 — r ¢ (/. Hence 0* 4+ o # 0" so (A5) does not hold. O



Chapter 2

Basic Topology

2.1 Exercise 1

Prove that the empty set is a subset of every set.

Proof. Let A be any set. Since the empty set has no elements, it is vacuously
true that for every x in the empty set, x € A. O

2.2 Exercise 2

A complex number z is said to be algebraic if there are integers ao, ..., a,, not
all zero, such that

1

apz" +a1z" "+ +an,_1z+a, =0. (2.1)

Prove that the set of all algebraic numbers is countable.

Proof. For each positive integer N, let Ey denote the set of all algebraic num-
bers z satisfying (2.1]) where

n+ |ag| + |ai| + -+ + |an| = N.

Since all the terms on the left-hand side are positive integers, it follows that for
each N there are only finitely many such polynomial equations. And for any
fixed n < N, any polynomial of degree n has a finite number of roots. Hence
the set E is finite.

If A denotes the set of all algebraic numbers, then we have

A= En.

1

e

Being the union of countably many finite sets, A must be at most countable by
the corollary to Theorem 2.12. And since A must be infinite (for example, Z is
a subset) this shows that A is countable. O

9
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2.3 Exercise 3

Prove that there exist real numbers which are not algebraic.

Proof. By the previous exercise, we know that the set A of algebraic numbers
is countable. If A = R, then R is countable, so A must be a proper subset of
R. Thus we can find an x € R with = ¢ A. O

2.4 Exercise 4

Is the set of all irrational real numbers countable?

Solution. Suppose that the irrationals R — @) are countable. Since

this means that R is the union of countable sets and is therefore countable by
Theorem 2.12. This contradiction shows that R — @ is uncountable. O

2.5 Exercise 5

Construct a bounded set of real numbers with exactly three limit points.

Solution. For each integer m, consider the set

1
E, = o
m {m+n+1

neZ*},

where ZT denotes the positive integers. Then the set A = Ey U E; U E3 has
exactly three limit points, namely the points 0, 1, and 2, which we will now
demonstrate. First note that any neighborhood of 0 must contain points in Ej,
and similarly for 1 and 2, so that 0,1,2 € A’

On the other hand, suppose x € R — {0, 1,2}. Let

r = min{|z[, [1 —z[,[2 - z[,[3 — 2[}.

Then the interval (z — r/2,2 4+ r/2) contains finitely many points in A. So by
Theorem 2.20, it follows that x is not a limit point of A.
Therefore, the only limit points of A are 0, 1, and 2. O

2.6 Exercise 6

Let £’ be the set of all limit points of a set E. Prove that E’ is closed. Prove
that F and F have the same limit points. Do E and E’ always have the same
limit points?

Proof. First we will show that any limit point of E is also a limit point of E.
Let = be a limit point of E and let » be any positive real number.

We want to show that the neighborhood N, (z) must contain a point in E
distinct from x. But we know that N,.(z) contains a point y € E with y # x.
Soye Eorye FE. If ye E then we are done, so suppose y € E' but y ¢ E.



2.7. EXERCISE 7 11

Then y is a limit point of E, so every neighborhood of y must contain a point
in F. In particular, let

r—= d(xv y)
s = 5 ,
and choose z € Ng(y) such that z € E. Then since Ny(y) C N,(x), we have
z € Ny(z) and z € E. And z # z since © € Ns(y). So z is a limit point of E.

Now we show the converse. Let x be a limit point of E. Then every neigh-
borhood of x contains a point in F distinct from z, but this point must also be
in £ = EUE’. Therefore z is a limit point of E.

We have shown that F and E have exactly the same set of limit points. That
is, £/ = (E)'.

Next, to show that E’ is closed, let = be a limit point of E’. Then z € E.
But E is closed by Theorem 2.27, so E = (E)'. Therefore x € (E)' = E’. Thus
every limit point of E’ is in E’, so the set E’ is closed.

Lastly, it is not the case that E and E’ must have the same limit points.
For example, take E = {1/n | n € Z"}, where Z* denotes the positive integers.
Then E' = {0} but (E’)’ is the empty set. O

2.7 Exercise 7

Let Ay, A, A3, ... be subsets of a metric space.
(a) If B, =U;_, A;, prove that B, = J;_; 4;, forn=1,2,3,....
(b) If B =J;2, A;, prove that B D Ui, 4;.

Show, by an example, that this inclusion can be proper.

Solution. (a) Let B, be as stated, and suppose x € B,,. Then either z € B,
or x € B),. First, if € B, then x € A; for some index i and we have
z € A; so that = € |J; 4;. Now suppose instead that z € B],. We want
to show that € A; for some i. Let N,.(x) be any neighborhood of z,
and choose a point y # « in this neighborhood such that y € B,, (this is
possible since x is a limit point of B,). Then y € A; for some index ¢, and
such a y can be found for any neighborhood of x, so z is a limit point of

A;. That is, z € A;. This shows that

5 c Jx. 22
i=1

Next, suppose z € |J; 4;, so that z € A; for some index i. Then z € A;
or z € A}. If z € A; then z € B,, and we are done. So suppose x € A.
Let N,(x) be any neighborhood of z, and choose y # = such that y €
N,(x) N A;. Then y € B,,, which proves that = € B,,. This shows that

B, D O A;. (2.3)
i=1

Together, (2.2)) and (2.3)) show that B,, = |, A;. O
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(b) Suppose z € |J; A;. Then there is a positive integer 7 such that z € A;.
This implies that x € A; or x € A, If z € A;, then x € B so certainly
x € B. On the other hand, if z € A}, then for any neighborhood N, (z),
we may find y # x in this neighborhood such that y € A;. Then y € B,
which proves that x is a limit of point of B. So in either case, z € B, and
the inclusion B D |J; A; is proved.

Lastly, we show that this inclusion can be proper. For each positive integer
i, let A; = {1/i}. That is, let each A; contain only one point, namely the
reciprocal of the index. Then each A4; also consists of only this one point,
so ;2 A4; is the set {1/i | i € Z*}. However, B contains the point 0,
which is not in |J 4;. O

2.8 Exercise 8

Is every point of every open set £ C R? a limit point of E? Answer the same
question for closed sets in R?.

Solution. We will show that every point of every open set E in R? is a limit
point of E. Let x € F. Since F is open, x is an interior point, and we can find
a neighborhood N,.(x) C E. Since E C R?, there are infinitely many points in
N,(x) distinct from x, and this is still true if we use a smaller positive value
for r. Therefore every neighborhood of x contains a point in F distinct from x.
This means that x is a limit point of F. It follows that every point in F is a
limit point of E.
The same is not true for closed sets in R2. For example, the set

E={(0,00}U{(1/n,0) € R* |ne Z"}

contains its only limit point (0,0) and is thus closed. However, (1,0) € E but
(1,0) ¢ B O

2.9 Exercise 9

Let E° denote the set of all interior points of a set E.

(a) Prove that E° is always open.

Proof. Let x € E°. Then zx is an interior point of E, and we can find a
neighborhood N, (z) C E. Let y be any point in N, (z) and let

_r= d(xv y)

= > .
Then N(y) C N,-(z) C E, so y is itself an interior point of E. This shows
that N,.(z) C E°, so x is an interior point of E°. And x was chosen to be
arbitrary, so this shows that every point in E° is an interior point, hence
E° is open. O

(b) Prove that F is open if and only if E° = E.
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Proof. If E° = E then every point of E is an interior point, and FE is open
by definition. The converse also follows directly from the definitions: if F
is open then E C E°; moreover, every interior point of E must be in E,
so E° C E and therefore £ = E°. O

(¢) If G C E and G is open, prove that G C E°.

Proof. Let © € G be arbitrary. Since G is open, we can find a neighbor-
hood N,.(z) C G. But G C E so N,(x) C E. This shows that x € E° so
that G C E°. O

(d) Prove that the complement of E° is the closure of the complement of E.

Proof. First, suppose x € E°. Then every neighborhood of x must contain
a point that is not in E. This means that x is a limit point of E° so by
definition z is in the closure of E€. This shows that (E°)¢ C E*.

Next, suppose z is in the closure of E¢. Then either z is in E° or x is
a limit point of E¢. In the first case, x cannot be an interior point of E
since z € E. In the second case, every neighborhood of x contains a point
in F¢ so x is not an interior point of E. This shows that = ¢ E° so that
E¢ C (E°)°. This completes the proof that (E°)¢ = E¢. O

(e) Do E and E always have the same interiors?

Solution. No, E and E need not have the same interiors. As a counterex-
ample, consider the nonzero real numbers £ = R — iO} Clearly 0 is not
an interior point of E, yet it is an interior point of £ = R. O

(f) Do E and E° always have the same closures?

Solution. No, for example in R! if E = {0} then 0 € E, however E° is the
empty set and so is its closure. O

2.10 Exercise 10

Let X be an infinite set. For p € X and ¢ € X, define

_J1U (fp#q)
d(p’Q)_{O (if p = q).

Prove that this is a metric. Which subsets of the resulting metric space are
open? Which are closed? Which are compact?

Solution. If p # ¢ then d(p,q) = 1 > 0, and d(p,p) = 0. It is also clear that
d(p,q) = d(q,p). Tt remains to be shown that

d(p,q) < d(p,r) +d(r,q) (2.4)
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for any r € X. If p = ¢ then the result is obvious, so suppose p # ¢q. Then
the right-hand side of the inequality is at least 1, and the left-hand side is
exactly 1. This shows that d is a metric.

Every subset of X is open, since every point p in a set £ C X is an interior
point (choose r = 1/2 to get a neighborhood contained in E).

Every subset of X is also closed, since any such set has no limit points, so
it is vacuously true that every limit point of E is in E.

Finally, every finite subset of X is clearly compact. But every infinite subset
is not compact, as we will now show. Let E be an infinite subset of X. For each
x € E, define G, = {z}. Then each G, is open and E C |J .z Gz so {Gy} is
an open cover of F, but it does not have a finite subcover. O

zeER

2.11 Exercise 11

For x € R' and y € R, define

di(z,y) = (z — y)?,
da(7,y) = V/]z — 9,
ds(z,y) = |2* — ¢,
da(z,y) = v — 2y,

|z — vy
ds(z,y) =

Determine, for each of these, whether it is a metric or not.

Solution. (a) For di(x,y) = (z — y)?, the first two parts of the definition are
satisfied. However, di(1,3) =4 £ 2 = d(1,2) + d(2,3). So d; is not a
metric.

(b) For da(x,y) = \/|z — yl, we clearly have d(z,y) > 0 for z # y, d(z,z) = 0,
and d(z,y) = d(y,x). Now, by the triangle inequality, we have for any

2z € R,

d(z,y)* = |z — |
=lz—z+z—y
<o —z[+ [z -yl
=d(z,2)* +d(2,y)*
< d(x,2)* + 2d(x, 2)d(z,y) + d(2,y)*
= (d(z,2) +d(z,y))?,

and by taking square roots we have d(z,y) < d(z, z) + d(z,y). Therefore
ds is a metric.

(¢) For d3(z,y) = |2? — y?| we have d3(—1,1) = 0, so d3 is not a metric.

(d) For da(z,y) = |x — 2y|, we have d(0,1) =2 # 1 = d(1,0) so d4 is not a
metric.
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(e) For ds(x,y) = | —y|/(1 + |x —y|), it is clear that d(x,y) > 0 for = # y,
d(z,x) =0, and d(z,y) = d(y,z). It remains to be shown that d(z,y) <
d(z,2) + d(z,y) for all z € R'. That is, we need to show that

lz — y |z — 2| |z =yl
I+lz—y| —1+jz—2 1+]z—y|

(2.5)

Put a = |z —y|, b= |z — 2|, and ¢ = |z — y|. Then (2.5) becomes

a b c
< + .
l1+a ~14+0b 1+¢

Multiplying through by the product of the denominators, we get
a(l+b)(1+¢)<b(1+a)(l+c)+c(l+a)(l+b).
Expanding then gives
a+ab+ac+ abc < b+ c+ab-+ ac+ 2bc + 2abe

which reduces to a < b+ ¢ + 2bc + abe, which follows from the triangle
inequality after back-substituting for a, b, and c. So (2.5)) holds and d5 is
a metric. O]

2.12 Exercise 12

Let K C R! consist of 0 and the numbers 1/n, for n = 1,2,3,.... Prove
that K is compact directly from the definition (without using the Heine—Borel
theorem).

Proof. Let {G,} be any open cover of K. Then there is an index «; such that
0 € G4,. Then since G,, is open, 0 is an interior point so that there is a
segment (a,b) containing 0 that lies within G,,. But there are at most only
finitely many values in K which do not belong to this segment (1/n > b for only

finitely many choices of n). Label these values r9,r3,74...,75. Then r; € G,
for some index «; (i =2,3,...,k). Now it is clear that
n
KcC U Ga,
i=1
so {G,,} is a finite subcover and K is compact. O

2.13 Exercise 13

Construct a compact set of real numbers whose limit points form a countable
set.

Solution. For each positive integer k, set

2k -1

A —
2k
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That is, {ay } is the sequence %, %, %, .... Now, for each positive integer k, define
the set Ag by
n=1,2,3,...}.

1
Ak:{ak}U{ak—i—M

Now, consider the set

K:UAk.

k=1

We claim that K is compact and has a countable set of limit points. First, note
that K is bounded, since K C (0, 1).
Next we show that the set of limit points of K is precisely the set

{ag | k=1,2,...}.

It is clear that «y is a limit point for all positive integers k. Now suppose -y
is any other limit point of K. Let (a,b) be a segment containing ~, and we
may make this segment small enough so that it is contained entirely within
the segment (o, @;41) for some positive integer i. But now this segment (a,b)
must contain only finitely many elements from K, since o; + 1/(272n) < a for

sufficiently large n. Label these elements 31, ..., 3; and set
6 = min Liﬁk‘.
1<k<j 2

Then consider the segment S = (v — §,v + ). It is clear that ~ is the only
member of K within S. But « is a limit point of K, so we can find a € S such
that v # « and « € K. This is a contradiction, so oy, as, ..., are the only limit
points of K.

K contains all of its limit points, so this shows that K is closed and bounded
and hence compact (since K C R), and its limit points are the countable set
{ag, @9, ap, ...} O

2.14 Exercise 14

Give an example of an open cover of the segment (0,1) which has no finite
subcover.

Solution. For each positive integer n, set A, to be the segment

1 1
A, = , 11— .
(n+2 n+2>

Then the sequence {4, } is an open cover of (0,1) with no finite subcover. [

2.15 Exercise 15

Show that Theorem 2.36 and its Corollary become false (in R, for example) if
the word “compact” is replaced by “closed” or by “bounded.”
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Theorem. If {K,} is a collection of compact subsets of a metric space X such
that the intersection of every finite subcollection of {K,} is nonempty, then
N Ko is nonempty.

Corollary. If {K,} is a sequence of nonempty compact sets such that K, D
Kot1 (n=1,2,3,...), then ;" K,, is not empty.

Solution. We will consider counterexamples in R!.
First we look at closed sets. For each positive integer n, let

K,={x€R|x>n}.

Then {K,} is a collection of closed sets and every finite subcollection has a
nonempty intersection. We also have K,, D K, ;1 for each n. However, for any
z € R we need only choose n > x so that = ¢ K,,. Therefore (-, K,, is the
empty set. So merely being closed is not a sufficient condition for the theorem
or its corollary.

Now we consider boundedness. For each positive integer n, set

K, = (0,1/n).

Then {K,} is a collection of bounded sets, every finite subcollection has a
nonempty intersection, and K,, D K, for each n. Suppose z € ()7, K.
Then 0 < = < 1/n for each integer n, which is impossible since R is archimedean.
Therefore ﬂff:l K, is the empty set. So boundedness is also not sufficient for
the theorem or its corollary. O

2.16 Exercise 16

Regard @, the set of all rational numbers, as a metric space, with d(p,q) =
Ip —q|. Let E be the set of all p € @Q such that 2 < p? < 3. Show that F is
closed and bounded in @, but that E is not compact. Is F open in Q7

Solution. For the moment, consider the metric space R!. Taking E as a subset
of R, it is clear that E is bounded. Moreover the set of limit points of E is
precisely the interval [21/2,31/2]. Since E is defined to be the set of rational
numbers in this interval, it is clear that F contains all of its rational limit points.

Now consider @) as the metric space (with the same metric, d(p, q) = |p — ¢l).
Since the metric is the same, F is still a bounded set. And E contains all of its
limit points (since we are only considering rational numbers). This shows that
E is closed in Q.

FE is closed and bounded in @, but it is not compact. For example, for each
positive integer n, let

An:{mEQ

2> 24 L andx2<3—1}.

n 4+ 2 n 4+ 2
Then it is easy to verify that {A,} is an open cover of E which has no finite
subcover.

Lastly, we note that E is also open in @, since every point p € E is an
interior point. Indeed, if p? > 2 then we can find a ¢ € Q with 2 < ¢ < p?
and similarly if p? < 3 then we can find an r € Q with p?> < r? < 3. Then
p € (g,r) N Q C E and we can find a neighborhood of p contained entirely
within this segment. O
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2.17 Exercise 17

Let E be the set of all x € [0,1] whose decimal expansion contains only the
digits 4 and 7. Is E countable? Is F dense in [0,1]? Is E compact? Is F
perfect?

Solution. E is not countable. For, if it is countable, let f: ZT — E be a 1-1
correspondence. Then consider the real number a € [0, 1] whose nth digit is a
4 if the corresponding digit in f(n) is a 7, or a 7 if the corresponding digit in
f(n)is a 4. a € E but there is no positive integer n such that f(n) = a, so this
gives a contradiction.

E is not dense in [0, 1] since E C [0.4,0.8], so 0.1 (for example) is neither a
member of E nor a limit point of E.

FE is compact, since it is a closed and bounded subset of the compact space
[0,1]. To prove that E is closed, we will show that its complement is open. So
let x € E°. That is, z € [0,1] is such that the decimal expansion of x contains
a digit other than 4 and 7. Suppose the kth digit of x is not 4 or 7 and let
§ = 107%72. Then all of the numbers in the segment (z — 6,z + &) do not differ
from z in their first k digits, so that their kth digit is not 4 or 7. So the segment
(x — 0,2+ 6) C E°, which shows that z is an interior point of E°. Therefore E°
is open, so F is closed.

Lastly, we show that F is perfect. We already know FE is closed, so it remains
to be shown that every point in F is a limit point. Let € E, and for » > 0
let (x — r,z 4+ r) be any neighborhood of . Choose k large enough so that
10=% < r. Let y be the number formed by “fipping” the (k + 2)th digit of
(i.e., if the (k + 2)th digit is a 4 make it a 7 and vice versa). Then y # z, y € E,
and y € (x —r,z+71), so this shows that x is a limit point of E. Therefore every
point in F is a limit point and FE is perfect. O

2.19 Exercise 19

(a) If A and B are disjoint closed sets in some metric space X, prove that
they are separated.

Proof. By Theorem 2.27, we have A = A and B = B. So, since AN B is
empty, we have that AN B =ANDB = 0. O

(b) Prove the same for disjoint open sets.

Proof. Let A and B be disjoint open sets and suppose AN B is nonempty.
Let x € AN B, so that z is a limit point of B. Since z € A and A is
open, there is a neighborhood of x contained entirely within A. But this
neighborhood must contain points of B, since x is a limit point of B. This
shows that A and B are not disjoint, which gives a contradiction. O

(¢) Fixp e X, > 0, define A to be the set of all ¢ € X for which d(p, q) < d,
define B similarly, with > in place of <. Prove that A and B are separated.

Proof. A and B are both disjoint open sets, so they must be separated by
the previous part of the exercise. O
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(d) Prove that every connected metric space with at least two points is un-
countable.

Proof. Let E be a connected metric space with at least two points, p
and ¢q. Let s = d(p,q) > 0. We will form a one-to-one correspondence
f:(0,s) - A where A C E. This will show that A, and hence E, is
uncountable.

For each ¢ in the segment (0, s), choose any point r € E such that d(p,r) =
d and then set f(0) = r. We know that the point r must exist, for if not
then we could divide F into two subsets, those points = with d(p,z) < &
and those y with d(p,y) > 0 so that, by the previous part of this exercise,
F is not connected.

Therefore the function f exists. And it gives a one-to-one correspondence
since d(p,r1) # d(p,r2) implies 71 # ro. This completes the proof that E
is uncountable. O

2.20 Exercise 20

Are closures and interiors of connected sets always connected?

Solution. Closures of connected sets are connected. For, if not, let E be a
connected set whose closure E is not connected. Then E = AU B where A and
B are nonempty separated sets. Let A* = ANFE and B* = BN E.

Since A is nonempty, we may choose € A. Then z € E so either € E or
x is a limit point of E. If the latter, then any neighborhood of x must contain a
point y in E. Moreover it must be possible to choose y so that y € A. If not, then
x is a limit point of B, so that AN B is nonempty, which is a contradiction. So
A contains a point in E and therefore A* is nonempty. By the same argument,
B* is nonempty. And any z € E must belong to A or B and hence to A* or B*,
so that E is the union of the two nonempty separated sets A* and B*, which
contradicts the fact that E is connected. This shows that F must be connected.

However, the interior of a connected set need not be connected. Consider
the space R? and take

E={(z,y) e R?| V(z+1)2+y2 <1} U{(2,9) € R? | /(z —1)2 + 32 < 1}.

That is, E is the union of the two closed disks of radius 1 centered at (—1,0)
and (1,0), respectively. The interior of this set is the union of the corresponding
open disks, and these open disks are separated since the point of tangency (0, 0)
is not an interior point of E. Therefore the interior of E is not connected. [

2.21 Exercise 21

Let A and B be separated subsets of some R*, suppose a € A, b € B, and
define
p(t)=(1—-t)a+tb

fort € R'. Put Ag =p~*(A), Bo =p }(B).

(a) Prove that Ay and By are separated subsets of R!.
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(b)
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Proof. First Ag and By must be disjoint. If not, let x € Ag N By. Then
p(z) € Aand p(x) € B so that ANB is nonempty, which is a contradiction.

Next, we must show that Ay N By is empty. Suppose y € Ag and y € By.
Then y is a limit point of By, so that any segment in R' containing y
must contain points of By. Now for some r > 0, let N,.(p(y)) be any
neighborhood of p(y). Set

Then the segment (y — 0,y 4+ 0) contains a point z in By. Then p(z) € B.
But

d(p(y), p(2)) = [p(y) — p(2)|
=[(1-y)a+yb—(1—2)a— zb|
=|(z—y)a+ (y — 2)b|
= |y — 2|[b — a
< dd(a,b) =r.

Thus p(z) € N,(p(y)). And this neighborhood was arbitrary, so that p(y)
is a limit point of B. Therefore ANB is nonempty, which is a contradiction.
This shows that Ay and By are disjoint. By the same argument, By and
Ay are disjoint. This shows that Ay and By are separated sets. O]

Prove that there exists ¢y € (0,1) such that p(ty) € AU B.

Proof. 0 € Ay and 1 € By. And we have shown that Ay and By are
separated. So by Theorem 2.47 there exists tg € (0,1) such that ¢y, &
Ao U By. Then by definition p(tg) € AU B. O

Prove that every convex subset of R¥ is connected.

Proof. Suppose not, and let E be a convex subset of R* that is not con-
nected. F can be written as the union of two nonempty separated sets
A and B. Choose a € A and b € B. Define p: R — R* as above, with
Ag = p1(A) and By = p~!(B). By the previous results of this exer-
cise, Ap and By must be separated and there exists ¢y € (0,1) such that
p(to) ¢ AU B. But this contradicts the fact that E is convex. Therefore,
E must be connected, so that every convex subset of R* is connected. [

2.22 Exercise 22

A metric space is called separable if it contains a countable dense subset. Show
that RF is separable.

Proof. The set Q¥ consisting of points in R* having only rational coordinates is
dense in RF (since @ is dense in R). Q" is also countable, being the Cartesian
product of countable sets. Therefore R* is separable. O
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2.23 Exercise 23

A collection {V,,} of open subsets of X is said to be a base for X if the following
is true: For every x € X and every open set G C X such that z € G, we have
x € V, C G for some «a. In other words, every open set in X is the union of a
subcollection of {V,,}.

Prove that every separable metric space has a countable base.

Proof. Let X be a separable metric space. Then X contains a countable dense
subset E. For each p € E and for each rational number s > 0, let V, , be
the neighborhood N, (p) of radius s centered at p. Then {V; ,} is a countable
collection of open subsets of X.

Let z € X be arbitrary and let G be any open subset of X containing .
Since G is open, there is a neighborhood N,.(z) of « with radius r > 0 contained
entirely within G. Take the smaller neighborhood N, /5(z), and choose a point
2* within this neighborhood such that z* € E (this is possible since E is dense
in X). Now, let

0 =d(z,x").

Choose any rational number r* in the segment (J,26). Then the neighborhood
Vs 2+ contains . The neighborhood is also contained in G. So € V.« z« C G
for any open subset G of X containing the point x. Therefore the collection
{Vs p} of neighborhoods with rational radius and center in E is a countable base
for X. O

2.24 Exercise 24

Let X be a metric space in which every infinite subset has a limit point. Prove
that X is separable.

Proof. Fix § > 0 and pick #; € X. Now, having chosen z1,...,z;, choose, if
possible, z;11 € X such that

d(zi,xj41) =6, i=1,2,...,j.

Continue choosing values in this way until it is no longer possible. We know
that this process must terminate after a finite number of steps because otherwise
Z1,T2,Z3,..., would be an infinite subset of X which has no limit point (since
each point is isolated), which is a contradiction. Therefore X can be covered by
finitely many neighborhoods of radius 4.

Now for each positive integer n, repeat the above procedure using § = 1/n.
For each n there are finitely many neighborhoods, so the centers of these neigh-
borhoods, over all n, form a countable subset E of X. And this subset is dense
in X: choose any z € X. If x € E then any neighborhood of x of radius r must
be covered by smaller neighborhoods of radius § < r with centers in F, so that
z is a limit point for F.

FE is a countable dense subset of X, so X is separable. O
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2.25 Exercise 25

Prove that every compact metric space K has a countable base, and that K is
therefore separable.

Proof. Let K be a compact metric space. For each positive integer n, let § = 1/n
and consider the collection of all neighborhoods of radius § in K. Since K is
compact, this open cover must have a finite subcover, so label the centers of the
neighborhoods in the finite subcover as x,,1,%n2,...,Tn k. Let

1
Vi = {y €K ‘ d(@n,i,y) < n}
Then the collection {V,, ;} is a countable base for K. The set {z,; | n,i € Z}
is a countable dense subset of K, so K is separable. O

2.26 Exercise 26

Let X be a metric space in which every infinite subset has a limit point. Prove
that X is compact.

Proof. By Exercise [2.24] X is separable, so by Exercise [2.23] X has a countable
base. Let {G4} be an open cover of X. Since X has a countable base we may
find a countable subcover {G,} for n =1,2,3,....

For each n, let F,, denote the complement of Gy UGs U --- U G,,. Suppose
that no finite subcollection of {G,,} covers X. Then each F, is nonempty, but
N2, F, is empty. Let E be a set containing one point from each F,,. It is clear
that F), contains no points from G,, for any m > n, so any particular G,, must
contain only finitely many points belonging to FE.

But F is an infinite subset of X, so it has a limit point . Then x € G,, for
some n, and since G,, is open there is a neighborhood of = contained within G,,.
Because x is a limit point, this neighborhood must contain points of E. Since
such points must exist no matter how small the radius of the neighborhood is
made, it follows that G,, contains infinitely points from F. This contradicts our
earlier finding that G, N E is finite. Therefore the open cover {G,,} has a finite
subcover and X is compact. O

2.27 Exercise 27

Define a point p in a metric space X to be a condensation point of a set £ C X
if every neighborhood of p contains uncountably many points of E.

Suppose E C R, E is uncountable, and let P be the set of all condensation
points of E. Prove that P is perfect and that at most countably many points
of F are not in P. In other words, show that P°N E is at most countable.

Proof. By Exercise we know that R* is separable, so by Exercise we
know that it has a countable base {V;,}.

Let W be the union of those V,, for which £ NV, is at most countable.
Then W is open since it is a union of open sets. Suppose x € W. Then x € V;
for some i such that V; N E is at most countable. Then any neighborhood of
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x contained within V; has at most countably many points of E, so x is not a
condensation point of F, i.e., z & P. This shows that W C P¢.

Conversely, suppose = ¢ P. Then there is a neighborhood N of z containing
at most countably many points of E. So there is a j such that x € V; C N,
where V; N E is at most countable. Hence x € W, so that P¢ C W. Therefore
W = Pc.

And W N E is at most countable, since W is a union of countably many sets
{Vi} and each V; contains at most countably many points of E.

It remains to be shown that P is perfect. But, since W is open, its comple-
ment P is closed. So we need only show that every point in P is a limit point
of P.

To that end, let x € P be arbitrary, let N be any neighborhood of z, and
suppose for the purpose of finding a contradiction that no point in N distinct
from z is a condensation point of E. Then every point in N — {z} is in W.
Therefore N —{z} contains at most countably many points of E. But this means
that IV itself contains at most countably many points of E, which contradicts
the fact that x is a condensation point. Therefore x is a limit point of P and P
is perfect. O

2.28 Exercise 28

Prove that every closed set in a separable metric space is the union of a (possibly
empty) perfect set and a set which is at most countable. (Corollary: Every
countable closed set in R¥ has isolated points.)

Proof. Although the previous exercise concerned R¥, the proof actually works
for any separable metric space. So if X is separable and if £ C X, then the
set P of all condensation points of E is a perfect set. But F is closed, so it
contains all of its limit points, and hence contains its condensation points, so
that P C E. And we know that E' N P°¢ is at most countable. Therefore F is
the union of a perfect set (which may be empty) and a set which is at most
countable. O

2.29 Exercise 29

Prove that every open set in R! is the union of an at most countable collection
of disjoint segments.

Proof. By Exercise R! is separable, so it has a countable dense subset Q.

Let E be any open set in R'. If E is empty, then the result holds vacuously,
so suppose E is nonempty, and let z € E.  must be an interior point, so there
is a segment contained entirely within £ which contains z. In fact there are
many such segments, so call the collection of all such segments {I, } where
each « is an index in some set A of indices. Then we may define the mazimal
segment I, as follows:

L = | Lo

acA
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Now take the collection I = {I,} of all maximal segments in E. We will show
that this is an at most countable collection of disjoint segments whose union is
E.

First, if the two maximal segments I, and I, have any points in common,
then there is a segment containing all such points which is contained within F,
so by definition I, = I,. Therefore, if I, and I, are distinct, then they must be
disjoint.

Next, let I, be any maximal segment and take a point p € I,. Since @ is
dense in R, p is either in @ or is a limit point of Q. If it is a limit point, then by
definition any segment containing p must contain points from ). Either way, the
maximal segment I, contains points in ). Since @ is countable, and since each
member of @) belongs to at most one maximal segment I, (since the segments
are disjoint), this shows that {I,} is a countable collection of segments. Hence
we may use the positive integers as subscripts so that the maximal segments in
E can be labeled I, I5, I3, . . ..

Finally, it is clear that (J,—, I, = E since every point in E is contained
within some segment (because F is open), and each maximal segment is con-
tained within E by construction. Therefore E is the union of an at most count-
able collection {I,,} of disjoint segments. O

2.30 Exercise 30

Imitate the proof of Theorem 2.43 to obtain the following result:

If RF = ;" F, where each F, is a closed subset of RF, then at least
one F,, has a nonempty interior.

Equivalent statement: If G, is a dense open subset of R*, for n =
1,2,3,..., then N Gy, is not empty (in fact, it is dense in R¥).

Proof. We first will establish the equivalence of the two statements. Suppose
the first statement is true and let G,, be a dense open subset of R* for each
n=1,23, ... If F, = GS for each n, then each F, is a closed subset of RF.
Fix some n and suppose F,, has a nonempty interior, so that x is an interior
point. Then there is a neighborhood of x containing no points in G,,. But then
x is neither in G, nor a limit point of G,,, which contradicts the fact that G,
is dense in R¥. Hence F},, has no interior points. And this is true for each n,
so that by hypothesis, | J F,, cannot be equal to R*. This shows that (G, is
nonempty.

Now suppose the second statement is true, and let Fj, be a closed subset of
R* whose union is R¥. Take G,, = F¢ for each n, so that each G, is an open
subset of R¥. Since R¥ = |J F,,, we must have that () G,, is empty, so that G,
is not dense in R* for at least one n. But then there is a point x in F}, which
is not a limit point of G,,, so that x is an interior point of F,,. Hence Fj, has a
nonempty interior for at least one n. So the two statements are equivalent.

We will now prove the second statement. Let G, be a dense open subset of
RF for each positive integer n. Take any point x; € G;. Since G is open, there
is a neighborhood of x; contained within G, and within this neighborhood we
can find a closed ball By centered at x; so that By C G1.

Having constructed the closed ball B,, C GG, centered on the point x,,, take
any point p in the interior of B,, distinct from x,,. Since G,,41 is dense in R*, p
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must be in G,,41 or is a limit point of G,,11. If the former, set x,,1.1 = p. If the
latter, any neighborhood of p must contain points from G, 1, so we may take
X,+1 to be any such point that is contained within the interior of B,,. Now x, 1
is an interior point of G,,4+1 and B,,, so there is a closed ball B, ;1 contained
within B, N Gp41.

We have constructed a sequence {B,,} of nonempty sets that are each closed
and bounded (and hence compact), with By D By D Bs D ---. Therefore by
the Corollary to Theorem 2.36, ()] B,, is nonempty. But each B, C G,, so
that () Gy, is nonempty as well. O
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Chapter 3

Numerical Sequences and
Series

3.1 Exercise 1

Prove that convergence of {s,} implies convergence of {|s,|}. Is the converse
true?

Proof. Suppose {s,} converges to s for some complex sequence {s,} and s € C.
Let € > 0 be arbitrary. Then we may find N such that |s, — s| < & for all
n > N. Then, by Exercise we have

l1sn] — |s]| <|sn —s| <& for each n > N.

Hence {|s,|} converges to |s|.
Note that the converse is not necessarily true. For example the real sequence

{a,} given by a, = (—1)™ does not converge even though {|a,|} converges to
1. O

3.2 Exercise 2
Calculate li_>m (Vn? +n—n).

Solution. We have

VAT F 7 - n)(VAT 7 4 )
lim (v/n24+n—n)= lim (
n—>oo( ) n— 00 ‘/n2+n+n

= lim

n
n—oo \/n24+n+n

= lim

|~

27
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3.3 Exercise 3

If 51 = v/2, and
Snt1 = 4\/2+ V/5n n=1,2,3,...),

prove that {s,} converges, and that s, <2 forn=1,2,3,....

Proof. We will show by induction on n that {s, } is a strictly increasing sequence

that is bounded above by 2. Certainly V2 <V24V2< 2, so the base case is
satisfied. Suppose s,, < s,41 < 2 for a positive integer n. Then

Sn+2:\/2+\/8n+1 > \/2+\/§=Sn+1

8”4_2:\/2—"-\/8”4_1 < \/2+\/§<\/41:2

Therefore s,1 < Spt2 < 2 and it follows that {s,} is monotonic and bounded,
and hence must converge. O

and

3.4 Exercise 4

Find the upper and lower limits of the sequence {s,,} defined by

S2m—1 1
51=0; Som = —o—; Somil =5 + S2m-

2 2
Solution. {s,} is the sequence

11337 7 15

The odd terms of {s, } form the sequence
13 7 an—1l 1
) 4’ 87 167 MR | 2n o
while the even terms form the sequence
13715 2" -1

§7Z,§7176,..., 2n g e e
So
on—l 1
liminf s, = lim
n— oo n—o00 on
. (1 1 >
= lim (- — —
1
=3
and

i o 21
msupso =l =

= lim <1 — 1)
n—o00 on
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3.5 Exercise 5

For any two real sequences {a,}, {b,}, prove that

lim sup(a,, + b,) < limsup a,, + limsup by,

n—oQ n—oo n—oo

provided the sum on the right is not of the form co — oc.

Proof. For each positive integer n, put ¢, = a,, + b,,. Let

« =limsupa,, B =Ilimsupb,, and -~ =limsupc,.
n—oo n— oo n— oo
If @« = oo and 8 # —oo then the result is clear, and the case where @ = —o0
and [ # oo is similar.
So suppose « and 8 are both finite. Let {c,, } be a subsequence of {¢,} that
converges to v. Now let {anij} be a subsequence of {a,,} such that

lim a,, =limsupay,,.
oo Y i—o0

Now since {ij} is a subsequence of {cy,,}, it converges to the same limit .
Then

lim b,, = lim (¢,, —a,, )= lim ¢,, — lim a,, =+ —limsupa,,.
j—oo j—o0 7 7 j—oo J—00 J i—00
Rearranging, we get
v =limsupa,, + lim b,, .
i—»00 J—o0 J
But
limsupan,, <a and lim b,, <pj,
1—00 J—0 J
SO
y<a+p
and the proof is complete. O

3.6 Exercise 6
Investigate the behavior (convergence or divergence) of > a,, if

(a) an=vn+1-yn

Solution. Let s, denote the nth partial sum of > a,. A simple induction
argument will show that s, = v/n+ 1 — v/1. Since s, — 00 as n — 00,
the series > a,, diverges. O

_ Vatl-ym

n

(b) QA
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Solution. We have
" _(Wn+1—-yn)(Vn+1+yn) 1
" n(vn+1++/n) nvn+14+nyn’
SO

< 1 1
So by comparison (Theorem 3.25) with the convergent series > 1/n%/2,
we see that Y a, converges. O

an = (¥Y/n—1)"
Solution. By Theorem 3.20 (c),
Jim /a, = nl;r{:o(ﬁf 1)=1-1=0.

Therefore, by the root test (Theorem 3.33), the series Y a,, converges. [

an for complex values of z

1 + zn
Solution. First note that, by Exercise[l.13] we have
|2" + 1] = |2" = (=D 2 [|z"| = |-1| = []2]"* = 1].

Then
1

< .
|[z|™ = 1]

’ L (3.1)

1+ 27

Now suppose |z| > 1. Then there is an integer N such that |z|* > 2 for
all n > N. That is,

1 2
—— < — forn>N.
2" =17 |2
Using this fact, (3.1)) becomes
1
<-— forn>N.
142 |z|?

So by the comparison test with the convergent geometric series > 2/|z|™
we have that Y a, also converges.

In the case where |z| < 1, it is easy to see that a, # 0 asn — 00, 50 > _ ay,
diverges. O

3.7 Exercise 7

Prove that the convergence of 3 a,, implies the convergence of

2@7

if a, > 0.
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Proof. Since
1\ 2
(\/ an + ’I’L) 2 0;

we may expand and rearrange to get

@§;<an+l). (3.2)

n n?

Since Y a, and 3" 1/n? both converge, we know by Theorem 3.47 that their

sum,
= 1
Z Gnp + E )
n=1
also converges. By the comparison test, (3.2) implies that } \/a,/n must con-
verge. O

3.8 Exercise 8

If > a,, converges, and if {b,} is monotonic and bounded, prove that Y a, b,
converges.

Proof. Let A,, denote the nth partial sum of " a,. That is,

n
An = Z [
k=1

Suppose {4, } converges to A. We know that {b,} must converge, so set b =
lim,,_y00 by,. Then
lim A,b, — Ab.
n—oo
Now, since {A,} converges, it must be bounded, so we can find My such
that |A,| < My for all n. We can also find M; such that |b,| < M; for all n.
Take M = max(My, M;). Then for any £ > 0, we may find N such that

|Anb, — Ab| < g and  [by — bn| < for all m,n > N.

£
3M

Since {b,,} is monotonic, we have for all ¢ > p > N that

q—1 q—1
Z An(bn - bn—i—l) S M Z(bn - bn-‘rl)
n=p n=p
S
= Mlb, — by| < =
| p Q‘ < 37

and

|Agbg — Ap—1bp| = [Agbg — Ab+ Ab — Ap_1bp|
< [Agby — Ab| + | Ap1b, — Ab)
€ € _ 2

<3t3=73"
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Finally, using the partial summation formula from Theorem 3.41, we have
q q—1

> euh,

n=p

Z An(bn - bn+1) + Aqbq - Ap—lbp

n=p

q—1
Z An(bn - bn+1)
n=p
LEL
3 3

=E.

<

+ [Agbg — Ap—1bp|

By the Cauchy criterion, > a,b, converges. O

3.9 Exercise 9

Find the radius of convergence of each of the following power series:
(a) Zn3z"

Solution. Using the ratio test, we have

(n+1)3zn+1

.o n+1
3 = lim
nozm

n—oo n

lim

n—oo

2] = [2].

So the series converges when |z| < 1. Therefore the radius of convergence
is R=1. O

ORI

Solution. Applying the ratio test again, we get,

gntlntlp) 2
lim | ——— | = lim |z| =0,
n—oo |27z7(n+ 1)!| n—ooon 41
so R = oc. O
n
(€) D52
Solution. We have
2n+1 n+1,,2 2
lim | =" | = fim 2" |z| = 2|z]
n—00 2"2;"(77, + 1)2 n—00 n+1

so R=1/2. O
3
n n
(d) Z 373
Solution. Again,

(n+1)3znt13n
n3zn3n+1

|
3

. 1 /n+1 3’|_1‘|
i Jm o —— ) el = glal,

so R =3. O
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3.10 Exercise 10

Suppose that the coefficients of the power series Y a,2™ are integers, infinitely
many of which are distinct from zero. Prove that the radius of convergence is
at most 1.

Proof. For contradiction, suppose that |z| > 1 while the sum

oo
> o
n=0
converges. Then we know that a,2"™ — 0. In particular if ¢ = 1, we may find
an integer N such that
lanz"| <1 foralln> N.

But since a,, is an integer and is nonzero for infinitely many n, we may also find
ng > N such that a,, > 1. Then

|ang 2" = lan,[|2"°] = 1.

This is a contradiction, so |z| cannot be greater than 1. Therefore the radius of
convergence is at most 1. O

3.11 Exercise 11
Suppose a,, >0, s, =a; + -+ ap, and Y a, diverges.
(a) Prove that Z 11771% diverges.
Proof. Suppose the sum converges. Then a,, /(1 + a,) — 0, which implies

that a,, — 0. So we can find a positive integer N such that a,, < 1 for all
n > N. Then for n > N we have

an an 1
l4a, 141 2

Q.

Then the series »_ a,, /2 and hence Y a,, must converge by the comparison

test, a contradiction. Therefore Y a, /(1 + a,) must diverge. O
(b) Prove that
ANHL L ONEE g SN
SN+1 SN+k SN+k

and deduce that Z an diverges.
Sn

Proof. Since a,, > 0, the sequence {s,} is monotonically increasing. Then
for any positive integers N and k, we have
AN41 o, N4k o ANt F o ANGE

+

SN+1 SN+kE SN+E

_ SN+k — SN 1—
SN+k SN+k

SN
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This establishes the desired inequality.

Now, since s, is monotonic, it cannot be bounded (for otherwise > a,
would converge). So for any fixed N > 0, we may find a positive integer
k so that

SN4+k > 2SN.

Then
k
1 1
PR R |
= SN+n SNtk 2 2
Therefore Y a, /s, diverges by the Cauchy criterion. O
Prove that
a1 1
$2 7 Sp_1 Sp
a
and deduce that Y — converges.
2 52 &
Proof. For any n,
L 1 _nZdna_ O o 0n (3.3)
Sn—1 Sn Sn—15n Sp—15n Sh

Now notice that

i ( 1 1)_1 1
2 Spn—1 Sn S1 Sk

n=

Since the right-hand side of this equation tends to 1/s; as k — oo, we see
that the sum on the left converges. By the comparison test with (3.3]), it
follows that 3" a,,/s? converges. O

What can be said about
a a
Zl+nan an Zl—l—nQan

Solution. The series on the right must converge by comparison with the
convergent series > 1/n?.

However, the series on the left may converge or diverge depending on the
nature of {a,}. For example, if a,, = 1 for all n, then

an 1
1+na, 1+n’

which is just the divergent harmonic series without the first term.

On the other hand, if we set a,, = 1 when n is a perfect square and a,, =
1/n? otherwise, then {a,} does diverge but 3" a,, /(1 +na,,) converges, as



3.12. EXERCISE 12 35

we will now show. Let P be the set of perfect squares. Then

2

m
a a a
Zl—i—:mn: 2214—2@”_'— Zzl—i—:ban

n=1 1<n<m 1<n<m
nepP ngP
m
Yt X
1+n2 n2+n
n=1 1<n<m?
ng¢P

m2

D D
_n:11+n2 1n2+n'

If we let m — oo, then the right-hand side converges, and it follows that
>~ an/(1+ nay) also converges. O

3.12 Exercise 12

Suppose a,, > 0 and _ a,, converges. Put

oo
Tnh = E Ay -

m=n

(a) Prove that
aﬂ+...+a£>1_ri

T'm Tn Tm

if m <n, and deduce that }_ #= diverges.

Proof. Note that the sequence {r,} is strictly decreasing and bounded
below by 0. So if m < n, we have

aﬂ+...+al>am+...+an:Tm_rnJrl >1_ri_

T'm T'n T'm T'm T'm

Fix an m > 0. Since r, — 0 we can always find n > m so that r,, < r,,/2.
Then 1 —7,/rmym > 1/2. So no matter how large N is, it is possible to find
n > m > N such that

o
=Tk 2’
and therefore the series diverges by the Cauchy criterion. O

(b) Prove that
a

\/7:71 < 2(% - \/Tn-i-l)

and deduce that > ;;L converges.
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Proof. For any index n, we have

an  Tn = Tn+tl
NEENG
(Vrn + /Trs1) (Ve — /Tng1)
Vn
o VIn+1 —_
= <1+ N )(\/TL Vi)
< 2T — ).

Now observe that, since r,, — 0, we have

oo

(\/ﬁ - vrn—&-l) = mlgnoo Z(\/H RV 7"n+1)
N ey

m—r00
= /.

This series converges, so by the comparison test, Y a,/+/T also converges.

O

n=1

3.13 Exercise 13

Prove that the Cauchy product of two absolutely convergent series converges
absolutely.

Proof. We will imitate the proof of Theorem 3.50. Suppose Y a, and )b,
both converge absolutely, define

n
Cn = § akbnfk
k=0

for each positive integer n, and set

ilan\:A and i|bn|:B.
n=0 n=0

Further, put

n n n
An:Z|ak|7 B7L:Z|bk|7 O’IL:Z|C]€|7 and /Bn:Bn_B-
k=0 k=0 k=0

Then

Crn = |agbo| + |agby + arbo| + - - - + [agbn + a1bp—1 + - - - + anbo|
< laollbo| + (laol[b1] + |ax||bo[) + - - - + (lao[|bn| + - - - + |an||bo|)
= lag|Bn + |a1|Bn-1 + -+ + |an|Bo
= |ao|(B + Bn) + [a1|(B + Bn—1) + -+ + |an|(B + Bo)
= AnB + |ao|Bn + |a1|Bn-1 + - + |an|Bo.
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Now set
Tn = |a’0|ﬁ’n + |a1‘Bn71 + -+ ‘an‘50~

Let € > 0 be given and note that 8, — 0. So we can choose N such that |5,| < &
for n > N. Then

[7nl < [Bolan| + -+ + Bnlan—n|| + |Bny1lan—n—1] + -+ Balaol|
< |Bolan| + -+ + Bnlan—n|| + €A.

Keeping N fixed and letting n — co gives

limsup |y,| < €4,

n—oo

since |ag| — 0 as k — co. Since € was arbitrary, this shows that lim,, o, v, = 0.
Returning to C,,, we have

C, < A,B+,.

Since A,B — AB and 7, — 0, we see that the sequence {C,} is bounded
above. But {C,} is a sequence of partial sums for a series in which every term
is nonnegative, so the sequence {C,,} is also monotonically increasing. Therefore
> |en| converges, so > ¢, converges absolutely. O

3.15 Exercise 15

Definition 3.21 can be extended to the case in which the ay, lie in some fixed R*.
Absolute convergence is defined as convergence of »_|a,|. Show that Theorems
3.22, 3.23, 3.25(a), 3.33, 3.34, 3.42, 3.45, 3.47, and 3.55 are true in this more
general setting.

Theorem. > a, converges if and only if for every e > 0 there is an integer N

such that
m
S <
k=n

ifm>n>N.
Proof. Consider the sequence {a, } in R’ given by
a, = (a1,0,02.0 -+, Qg n)-

Combining Theorem 3.4 with the original Theorem 3.22, we have that ) a,
converges if and only if for each &; >0 (i = 1,2,...,t) there is N; such that

m
E Ak

k=n

<g forallm>n>N,. (3.4)

Suppose (3.4) holds and let € > 0. For each 4, set ¢; = ¢/+/t and find the
corresponding N;. Then if J = max(Ny, Na, ..., N;) we have for all m >n > J
that

m

S

k=n

m 2 m 2
= (Zam) +"'+<Zat,k> <Ver=e.
k=n k=n
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Conversely, let each ¢; > 0 be given and choose N such that
> a
k=n
Then for each 7 and for all m > n > N we have

2

S | = (z) < (z) +-~-+(zat,k> <o
k=n k=n k=n k=n

Therefore (3.4)) holds for each i and the proof is complete. O

< min(ey,...,&¢) form >n> N.

Theorem. If > a, converges, then lim, _, a, = 0.

Proof. This is immediate from Theorem 3.4 combined with the original Theo-
rem 3.23. O

Theorem. If |a,| < ¢, forn > Ny, where Ny is some fized integer, and if Y ¢y,
converges, then > a, converges.

Proof. The proof is the same as the original proof of Theorem 3.25: given € > 0,
by the Cauchy criterion there exists N > Ny such that m > n > N implies

m
Z cp < €.
k=n
By the triangle inequality,

m
D a
k=n
Theorem (Root Test). Given > a,,, put

a =limsup V/|a,]|.
n—oo

m

§i|ak|§26k§5. 0
k=n

k=n

Then
(a) if a <1, > a, converges;
(b) if a>1, Y a, diverges;
(¢) if @ =1, the test gives no information.

Proof. Again, this proof is an easy generalization of the original proof of Theo-
rem 3.33:
If @ < 1, choose 8 so that o < 8 < 1. Then we can find an integer IV such

that
Ylan| < fornm > N.

Then |a,| < 8™ for all n > N, and the convergence of ) a,, follows from the
comparison test, since Y 3" converges.

If @ > 1 then there is a sequence {ny} such that {/|a,, | — «. Hence
|a,| > 1 for infinitely many values of n and we cannot have a,, — 0. Therefore
> a,, diverges.

The fact that >~ 1/n diverges while > 1/n? converges shows that o = 1 gives
no information about convergence. O
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Theorem (Ratio Test). The series > a,

(a) converges if

|, 11]

lim sup <1,

n—o00 |an|

(b) diverges if
M >1 foralln > ng,
|an|

where ng is some fized integer.

Proof. If the first condition holds, then we can find 5 < 1 and an integer N
such that

[an+1] <p forn>N.
|2 |
Then
lan 1| < Blan|,
lan 2| < Blant1] < B*lan],
lan+p| < Blan].
So for n > N,

|an| < |aN|B_Nﬁna

and convergence follows from the comparison test since Y 3™ converges.
In the case where |a, 1| > |a,| for n > ng, it is clear that a,, does not tend
to 0 and > a,, diverges. O

Theorem. Suppose
(a) the partial sums A, of Y- a, form a bounded sequence;
(b) bo>b1 >by >

(¢) lim b, =0.

n—oo

Then Y bya, converges.

Proof. Since {A,} is bounded we can find M such that |A,| < M for all n.
Given ¢ > 0 there is an integer N such that by < e¢/2M. For N < p < ¢, we
have

q
D (bn = buy1) A +bgAg — byA,

n=p

q
§ bnan
n=p

q—1

> (bn = bng1) + by + by

n=p

= 2Mb, < 2Mby <.

<M

Therefore Y b,a,, converges by the Cauchy criterion. O
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Theorem. If Y a, converges absolutely, then Y  a,, converges.

Proof. From the triangle inequality, we have

m m
> ar < ) lal,
k=n

k=n
so the series Y a,, converges by the Cauchy criterion. O

Theorem. If > a, = A, and >.b, = B, then > (a, + b,) = A + B, and
> ca, = cA, for any fized c.

Proof. For each n > 0, set

n

A, = Zak and B, = ibk.

k=0 k=0
Then
A, +B, = Z(ak +bg) and cA, = ann.
k=0 k=0
So
lim (A, +B,)= lim A, + lim B, =A+B
n— 00 n— oo n— oo
and
lim cA,, = cA. L]
n— o0

Theorem. If Y a, is a series of vectors which converges absolutely, then every
rearrangement of > a, converges, and they all converge to the same sum.

Proof. Again, the proof is mostly identical:
Let > al, be a rearrangement, with a, = aj, and with partial sums s/,.
Given € > 0, there exists an integer IV such that

Z|ai|§€ for all m >n > N.

Choose p such that the integers 1,2,..., N are all contained within the set
k1,ka, ..., k, (where each k; is defined as in Definition 3.52). Then if n > p,
the vectors ay, ..., ax will cancel in the difference s,, —s!, so that |s,, — s/,| < e.
Hence {s),} converges to the same sum as {s,}. O

3.16 Exercise 16

Fix a positive number . Choose 1 > /o, and define x3,x3,24,..., by the
recursion formula
1 a
Tpr1 = | Tn+— .
2 Ty

(a) Prove that {z,} decreases monotonically and that lim z,, = /a.



3.16.

EXERCISE 16 41

Proof. Since z1 > \/a, we have a < z%. Note also that for each n > 1,

9 1 a\® 1[4z«
T m =g\t ) T\

2
1 «
=— |z, — — > 0.
4(:5 :cn> -

Therefore a < x2 for all n. So for each n,

1 o
Tn+l1 = 5 mn+; ana
n

and we see that {z,} is a monotonically decreasing sequence.

Now, since {z,} is a monotonic sequence that is bounded below by /a,
it must converge to some value x. Then we have

. .1 « 1 «o
z= lim z, = lim -z, + — :f(:r—i——).
2 2 T

n—00 n—00 Tn
So 2z = x + a/x hence z = /a. O
Put €, = x, — v/, and show that

g2 g2

n n

ntl1 = 75— <
= o S 2/a
so that, setting 3 = 2\/a,

€1
B
Proof. If €, = x,, — /& then we have

1 «a
€n+1:xn+1_f:2(x7z+x>_\/&

_zfl+a72xn\/a_(:cnf\/a)2_i< g2
2z, - 2z, 2z, 2y’

Set 8 = 2y/a. Then a simple induction argument will show that

on
5n+1<5( ) (n=1,2,3,...).

€1
B

This is a good algorithm for computing square roots, since the recursion
formula is simple and the convergence is extremely rapid. For example, if
a =3 and 1 = 2, show that £;/8 < 1/10 and that therefore

£5 <4-1071% g5 <4-10732

on
En+1<ﬂ( > forn > 1. O

Proof. Since /3 < 9/5 we have
€1 - T, — \/a 2 — \/g \/g

1
B 2y/a 23 32

Then we have

16 32
S ~16 S ~32
es<B(1g) <4107 and s <B(g) <4100 O
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3.19 Exercise 19

Associate to each sequence a = {a,,}, in which «,, is 0 or 2, the real number

oo

z(a) = %.

n=1

Prove that the set of all z(a) is precisely the Cantor set described in Sec. 2.44.

Proof. x(a) is the set of all real numbers in [0, 1] which can be written in ternary
without using the digit 1. But in removing the middle third of the interval [0, 1],
we are removing those numbers whose ternary expansion must have a 1 as the
first digit (note that while 1/3 = 0.13, we can also write 1/3 = 0.023).

And in removing the middle third of the intervals [0,1/3] and [2/3, 1] we are
removing those numbers whose ternary expansion has a 1 in the second digit.
This process continues, so that at each step we are removing numbers whose
ternary expansions have a 1 in the nth place. This gives an intuitive explanation
for why these two sets are the same. O

3.20 Exercise 20

Suppose {p, } is a Cauchy sequence in a metric space X, and some subsequence
{pn,} converges to a point p € X. Prove that the full sequence {p,} converges
to p.

Proof. Given € > 0, we can find Ny such that
d(pn,,p) < % for all n; > Np.
Since {p,} is a Cauchy sequence, we can also find Ny such that

AP, pn) < S forall m,n > Nj.

2
Taking N = max(Ny, N1) we have

d(pmap) < d(pmapni) + d(pnup) <e forall m,n; > N.
Hence p,, — p. L]

3.21 Exercise 21

Prove the following analogue of Theorem 3.10(b): If { E,, } is a sequence of closed
nonempty and bounded sets in a complete metric space X, if E,, D FE,41, and
if

lim diam FE,, =0,

n—oo

then (;° E,, consists of exactly one point.

Proof. For each n, choose =, € FE,. Then {x,} is a Cauchy sequence since
E,.+1 C E, and diam F,, — 0. Therefore the sequence {x,} must converge
since X is complete. Suppose it converges to x. Then z is a limit point of F,
for each n, so x € E,, since F, is closed. Therefore x € (| E,. And if y € (| E,,
the fact that diam E,, — 0 means that d(z,y) < € for all € > 0, so that in fact
Tr=1y. O
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3.22 Exercise 22

Suppose X is a nonempty complete metric space, and {G,} is a sequence of
dense open subsets of X. Prove Baire’s theorem, namely, that (]° G,, is not
empty. (In fact, it is dense in X).

Proof. Pick x1 € G;. Since (G is open, there is a neighborhood of x; contained
entirely within G;. Make the neighborhood small enough so that its closure
is contained within ;. That is, we find a closed ball F; centered at x; with
radius r; such that F; C G;.

Assuming that the closed ball E,, centered at x, with radius r, has been
chosen so that E, C G, pick a point y € E,,. Since G,,41 is dense in X, either
y € Gpy1 or y is a limit point of G,,41. If the former, set z,, 11 = y. If the latter,
take a neighborhood of y with radius small enough so that the neighborhood is
contained within F,,. Then this neighborhood must contain points of G411, so
choose one and call it z,,4+1. Now take a closed ball E, ;; centered at x,,4; and
make its radius 7,41 small enough so that it is contained within E,, N G 41.

By construction, each F,, is a closed nonempty and bounded set with E; D

FEs D E3 D ---. Moreover, since r, — 0 we have lim diam F,, = 0 as well. Since
X is complete, we know by the previous exercise that ()" E,, is nonempty. But
each E,, C G,, so this implies that ﬂ(fo G, is nonempty as well. O

3.23 Exercise 23

Suppose {p,} and {g,} are Cauchy sequences in a metric space X. Show that
the sequence {d(pn,¢n)} converges.

Proof. Given ¢ > 0 choose N large enough so that

Ad(pr, pm) < and  d(qn, gm) < for all m,n > N.

N ™
| ™

Since for any m,n

d(pna Qn) < d(pnapm) + d(pma Qm) + d(Qma Qn)a

we have for m,n > N that

|[d(Dry @) — APy Gm)| < d(Pry Pm) + A(Gm, qn) < €.

Therefore the sequence {d(p,,g,)} is Cauchy. Any Cauchy sequence of real
numbers must converge (R! is complete), so {d(py,qn)} converges. O

3.24 Exercise 24

Let X be a metric space.

(a) Call two Cauchy sequences {p,}, {¢n} in X equivalent if
Jim_d(pn, gn) = 0.

Prove that this is an equivalence relation.
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Proof. Denote the relation by ~. Clearly {p,} is equivalent to itself, since
d(pp,pn) = 0 for all n, so ~ is reflexive. Since d(pn,¢n) = d(qn,Pn) We
also have that ~ is symmetric.

Now suppose that {p,}, {¢n}, and {r,} are sequences with {p,, } equivalent
to {¢n} and {g,} equivalent to {r,}. Since

d(pn,mn) < d(Pnyqn) + d(Gn, ),

it follows that
lim d(pn,rn) =0,

n—oo

so {pn} is equivalent to {r,} and ~ is transitive. This shows that ~ is an
equivalence relation. O

Let X* be the set of all equivalence classes so obtained. If P € X*,
Q € X*, {pn} € P, {gn} € Q, define

A(P, Q) = nlingo d(pm(hn);

by Exercise 23, this limit exists. Show that the number A(P, Q) is un-
changed if {p,,} and {g,} are replaced by equivalent sequences, and hence
that A is a distance function in X*.

Proof. Suppose {p, } is any sequence equivalent to {p,} and {¢,} is any
sequence equivalent to {g,}. Then

d(Pn, qn) < d(pn, py,) + d(py,, q,,) + d(q),, qn)

SO
ld(Prs gn) — AP 43)] < d(pns P,) + d(dy,5 Gn)-

Since the right-hand side of this inequality can be made arbitrarily small
by choosing large enough n, it follows that

lim (d(pn, qn) — d(ply, q,)) =0

n— oo
or
lim d(pn,qn) = lim d(pl,,q.,).
n—oo n—oo
Therefore A is a well-defined function from X* x X* into R!.

It is evident that A(P,P) =0 and A(P, Q) = A(Q, P). And the triangle
inequality follows from the triangle inequality in X. Hence A is a distance
function. O

Prove that the resulting metric space X* is complete.

Proof. Let {P;} be a Cauchy sequence in X* and for each k, let {pyn}
be a Cauchy sequence in Py. Choose a positive integer Nj such that

1
d(pk,nypk,m) < 27 for all m,n > Nk.



3.24.

EXERCISE 24 45
Now set gy = pr,n,- Then
1
(g, Prn) < ok for all n > Nj,. (3.5)
Since
A(Pza P]) = nh_{go d(pz,nap],n)v

we can also find M (4, j) so that

|A(Ra PJ) - d(pi,rupj,n)‘ for all n > M(Za])

< Zmax(i,j)
Now, for any 4, j,n, we have

d(qi»q5) < d(qi, pin) + d(Pins Pjn) + dPjns 45)-

Therefore,

d(gi, qj) < 5 + (A(H,Pj) + W) + 5

for all n > max(N;, N;, M (i,j)). Now d(gi,q;) can be made arbitrarily
small for sufficiently large ¢ and j, so {gx} is a Cauchy sequence.

Let P be the equivalence class in X* containing {qg;}. Then
A(ka P) = nlgr;o d(pk,na qn) < nlggo(d(pk,nv Qk) + d(Qka Qn))
By (3.5) and the fact that {qx} is Cauchy, we have

lim P, = P.

k—o0

This shows that X* is complete. O

For each p € X, there is a Cauchy sequence all of whose terms are p; let
P, be the element of X* which contains this sequence. Prove that

A(va Pq) = d(pa ‘1)

for all p,¢g € X. In other words, the mapping ¢ defined by ¢(p) = P, is
an isometry (i.e., a distance-preserving mapping) of X into X*.

Proof. This result is immediate:
A(Py, Py) = nlggo d(p,q) = d(p, q)-
Therefore ¢ preserves distance. O

Prove that ¢(X) is dense in X*, and that ¢(X) = X* if X is complete.
By (d), we may identify X and ¢(X) and thus regard X as embedded in
the complete metric space X*. We call X* the completion of X.
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Proof. Let P € X*. If P € ¢(X) then we are done, so suppose P & ¢(X).
Then we need to show that P is a limit point of p(X). Given € > 0, let
{pn} € P and choose N so that

d(pn,pm) < e for all n,m > N.

Then
AP, Ppy) = ILm d(pn,pn) < €.

Since P, = ¢(pn), this shows that any neighborhood of P in X* contains
a point from p(X), so that ¢(X) is dense in X*.

Lastly, if X is complete, then for each P € X* and for each {p,} € P,
{pn} must converge to a point p in X. Any sequence equivalent to {p,}
will also converge to p, so P = P, = ¢(p). Therefore ¢(X) = X*. O

3.25 Exercise 25

Let X be the metric space whose points are the rational numbers, with the
metric d(x,y) = |z — y|. What is the completion of this space?

Solution. Every Cauchy sequence in X converges to a unique real number, and
two sequences in X are equivalent if and only if they converge to the same real
number. So the completion of X is the real numbers. O
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Continuity

4.1 Exercise 1

Suppose f is a real function defined on R' which satisfies
lim[f(z+h)— f(x—h)]=0 (4.1)
h—0

for every & € R'. Does this imply that f is continuous?

Solution. No. Consider the function f: R' — R! given by

1, if z is an integer,
fla) = .
0, otherwise.

This function clearly has infinitely many discontinuities.
Now fix a particular real number x. If z is an integer, then for any ¢ > 0 we
may let 6 = 1/2, so that for all h with 0 < |h| < § we have

|f(x+h)— flx—h)=]0-0/=0<c.

On the other hand, if z is not an integer, then let n be the integer nearest to x.

For any £ > 0 take
_ |x — n|

6—2.

Again, for all h with 0 < |h| < ¢ we have
|[flz4+h)— flx—h)|=]0-0]=0<ce.

We have shown that the function f satisfies (.1 for any z in R!, but f is
not continuous. O

4.2 Exercise 2

If f is a continuous mapping of a metric space X into a metric space Y, prove
that

f(E) C f(E)
for every set E C X. (E denotes the closure of E.) Show, by an example, that

f(E) can be a proper subset of f(E).

47
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Proof. Suppose p € f(E). If p € f(E) then certainly p € f(F) and we are done.
So suppose that p € f(F). We want to show that p must be a limit point of
7).

By the choice of p there must be ¢ € E such that p = f(q). But if p € f(E)
then ¢ € E. Therefore ¢ is a limit point of E.

Take any neighborhood N of p having radius » > 0. Since f is continuous,
we may find 6 > 0 so that for any z € X,

d(x,q) <6 implies d(f(z),p) <r.

And g is a limit point of E, so we can certainly find € E such that d(z, q) < 0.
Then f(x) € f(F) by definition, and we have f(x) # p and f(x) € N. Therefore
p is indeed a limit point of f(F) and the main proof is complete.

Finally, to see that f(E) can be a proper subset of f(E), consider the con-
tinuous function f: R — R given by

0=y

If E = (1,00) then f(E) = (0,1) so that f(E) = [0,1]. However E = [1,00) so
f(E) = (0,1]. Then f(E) C f(E) but equality does not hold. O

4.3 Exercise 3

Let f be a continuous real function on a metric space X. Let Z(f) (the zero set
of f) be the set of all p € X at which f(p) = 0. Prove that Z(f) is closed.

Proof. Since the set {0} is closed in R' and f is continuous, the corollary to
Theorem 4.8 guarantees that f~1({0}) is closed in X. But Z(f) = f~*({0}) by
definition, so Z(f) is closed. O

4.4 Exercise 4

Let f and g be continuous mappings of a metric space X into a metric space
Y, and let E be a dense subset of X. Prove that f(FE) is dense in f(X). If
g(p) = f(p) for all p € E, prove that g(p) = f(p) for all p € X. (In other
words, a continuous mapping is determined by its values on a dense subset of
its domain).

Proof. Let p € f(X). Since X = E, we have by Exercise that p € f(E) so
that p is either in f(E) or is a limit point of f(E). Either way this shows that
f(E) is dense in f(X).

Next, suppose g(p) = f(p) for all p € E and let ¢ € X — E. Since E is dense
in X, ¢q is a limit point of E. Let € > 0 be arbitrary. The continuity of f allows
us to then find é; > 0 such that, for z € X,

d(r,q) < 6, implies d(f(x),f(q)) <

[NCRNO)

Similarly, the continuity of g allows us to find do > 0 such that

N ™

d(x,q) <02 implies d(g(x),g(q)) <
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Set 0 = min(dy, d2).
Pick r € E such that d(q,r) < J (this is possible since ¢ is a limit point of
E). Since g(r) = f(r), we then have

=d(f(q), f(r) +d(g(r), 9(q))
< g + % =

Since e was arbitrary, we must have d(f(q),g(¢q)) = 0 so that f(¢) = g(¢). O

4.5 Exercise 5

If f is a real continuous function defined on a closed set E C R!, prove that
there exist continuous real functions g on R! such that g(z) = f(x) for all
x € E. (Such functions g are called continuous extensions of f from E to R'.)
Show that the result becomes false if the word “closed” is omitted. Extend the
result to vector-valued functions.

Proof. Since F is closed, its complement E° is open. Since E° is an open set
in R', we have by Exercise that it is the union of an at most countable
collection of disjoint segments. Let the nth segment be (a,,b,). Define the
function g: R! — R! as follows.

(I){f(a:) ifeek,
g e (b — @) f(an) + (@ — an) f(b)) i @ € (an,bn).

Note that we are assuming that each segment (a,,b,) is bounded. If there is a
segment of the form (—oo, b,), then the proof will still work if we define g(z) to
be f(b,) for all z in this segment, and similarly for the segment (a,, 00).
Now, it is clear that g is continuous on the interior of E as well as on E°.
We need to show that g is continuous at the points a,, and b, forn =1,2,3,....
Fix a positive integer n. It is clear from the continuity of f that

g(an_) = f(an) and g(bn+) = f(bn)

Checking the limits on the inside, we find
9lan+) = flan) +0f(bn) = flan),

and
g(bn—) = 0f(an) + f(bn) = f(bn).
So
lim g(t) = f(an) = g(an) and  lim g(t) = f(bn) = g(bn)a

t—an t—by,

which shows that g is continuous at a,, and b,,. It now follows that g is continuous
on all of R,

To see that this result is not necessarily true if E' is not closed, consider the
function f: E — R!, where E = R — {0}, given by

fla) =1
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Then there is no way to define a function g so that g(x) = f(x) on E with
g being continuous at 0, since the left- and right-handed limits at 0 are not
affected by the value of g(0).

If f is vector-valued, then the same result (with essentially the same proof)
holds if we define g: R — R* by

(2) = {f(w) ifxekFE,
& L (b — 2)f(an) + (z — an)f(by)) if 2 € (an,by),

bp—an

the only difference being that the values of f and g are in R¥ rather than R*. O

4.6 Exercise 6

If f is defined on E, the graph of f is the set of points (z, f(x)), for x € E. In
particular, if E is a set of real numbers, and f is real-valued, the graph of f is
a subset of the plane.

Suppose F is compact, and prove that f is continuous on E if and only if
its graph is compact.

Proof. Let E C X and f: E — Y, where X and Y are metric spaces. Let
G C X XY be the graph of f and let g: E — X xY be given by g(z) = (z, f(x)),
so that g(E) = G.

Define the metric d: (X x Y)? — R by

d((z1,y1), (v2,92)) = dx (21, 22) + dy (y1,y2)-

It is easy to check that d is indeed a metric, so that X x Y becomes a metric
space.

First, suppose f is continuous. We show that g is then continuous also. Fix
a point € E. For any € > 0, let o > 0 be such that dy (f(p), f(x)) < &/2
whenever dx (p, ) < dp. Now put

. €
0= mln{50, 5} .
Then dx (p,z) < § implies

d(g(p), g(x)) = d((p, f(p)), (x, f(x)))
= dX(p7 1‘) + dY(f(p)ﬂ f(SL‘))

-
< 5 + 5 = E.
Therefore g is continuous on E. The compactness of G = g(F) now follows from
Theorem 4.14.

Conversely, suppose G is compact, and assume that f is not continuous,
say at a point * € E. Set §, = 1/n for positive integers n. Since f is not
continuous at x, there is an € > 0 such that for each §,,, we can pick an x,, so
that dx (zn,x) < d, and

dy (f(2a), f())

>
Since G is compact, the sequence {(z,, f(z
{(xny, f(Tn,))} that converges to a point (y, f(

€. (4.2)

))} must have a subsequence
y)) € G. Then z,, — y. But
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r, — x, so all subsequences converge to x also. Therefore y = x, and the
subsequence {f(zn,)} converges to f(z). But this is impossible since, by ,
we know that dy (f (2, ), f(x)) > e. Therefore f must be continuous at z. And
x € E was arbitrary, so f is continuous on F and the proof is complete. O

4.7 Exercise 7

If £ C X and if f is a function defined on X, the restriction of f to F is
the function g whose domain of definition is F, such that g(p) = f(p) for
p € E. Define f and g on R? by f(0,0) = g(0,0) = 0, f(z,y) = zy*/(2* + y*),
g(z,y) = zy?/(2? +4O) if (x,y) # (0,0). Prove that f is bounded on R2, that
g is unbounded in every neighborhood of (0,0), and that f is not continuous at
(0,0); nevertheless, the restrictions of both f and g to every straight line in R?
are continuous!

Proof. For all (z,y) € R?, we have
0< (2] —y*)* = 2® — 2faly® + o/,

which implies that |zy?| < (22 4+ y*)/2. So, when z and y are not both zero,

|zy?|

22 + ot

1
= < —.
|f(z,y)| <3
So f is bounded on R2.
Next, note that if (z,y) € R? is such that z = y3 and x,y # 0, then

(z.5) = v s 1
TOY =32 08 ~ 26~ 2y

So, by choosing y > 0 small enough, we can always find a point (y3,y) in any
neighborhood of (0, 0) such that g(y3,y) is arbitrarily large. This shows that g
is unbounded in every neighborhood of (0, 0).

To show that f is not continuous at (0,0), note that in every neighborhood
of (0,0), we can find a point (x,y) such that x = 32, so that if x and y are not
both zero, Y

v (v 1
Therefore, by choosing ¢ < %, there is no neighborhood of (0,0) such that
|f(z,y) — f(0,0)] < ¢ for all (z,y) in the neighborhood. This shows that f is
not continuous.

Finally, we consider restrictions of f and g to straight lines. Certainly f
and g are continuous everywhere except (0,0). So we only need to consider
restrictions to straight lines which pass through (0,0). Such lines have the form
axr 4+ by = 0. Fix any a,b € R and let f* and g* be the restrictions of f and g,
respectively, to the line az + by = 0.

If b =0 then z = 0 for all y and we have f*(0,y) = ¢*(0,y) = 0 for all (z,y)
on this line so both functions are continuous. On the other hand, if b # 0, then
y = —(a/b)x and we get

(a?/b%)a3 (ab)%x

* — b — —
F* (@, —az/b) 22 4+ (at/bY)zt bt + ata?’
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and, similarly,

N a?/b?) a3 a’bix
g*(z, —az/b) = 2( /6)6 6 = }6 1 g6,4°
22 + (ab/b%)x b8 + aSx

Since the denominators of f* and ¢g* are never zero, we conclude that both
functions are continuous. O

4.8 Exercise 8

Let f be a real uniformly continuous function on the bounded set E in R'.
Prove that f is bounded on E.

Show that the conclusion is false if boundedness of E is omitted from the
hypothesis.

Proof. Let E and f be as stated. Since E is bounded, it is contained within
some bounded interval [a,b]. And since f is uniformly continuous on F, we may
choose § > 0 so that |f(z) — f(y)| < 1 whenever |z —y| < ¢, for all x,y € E.
Pick any positive integer N larger than (b — a)/0 and define the N 4+ 1 points

to,tl,...,t]v by
(b—a)i
ti =a+

fori=0,1,...,N.

For each ¢ with 1 < ¢ < N, define the interval J; = [t;—1,¢;] and, if J; N E is
nonempty, pick z; € J; N E. Then let

M = max{|f ()]} + 1.

Now, for any = € F, z belongs to some J;, so

b—a

|z —z;] < < 0,

which implies that |f(x) — f(z;)] < 1. Therefore |f(x)] < M and f is bounded.
Note that the boundedness of E was necessary, since otherwise the identity

function on R! would serve as a counterexample. O

4.9 Exercise 9

Show that the requirement in the definition of uniform continuity can be restated
as follows, in terms of diameters of sets: To every € > 0 there exists a § > 0
such that diam f(E) < ¢ for all E C X with diam FE < 0.

Proof. By definition, diam E < ¢ if and only if d(z,y) < 0 for all 2,y € E, and
diam f(E) < ¢ if and only if d(f(z), f(y)) < € for all z,y € E.

If f: X — Y is uniformly continuous, then for all € > 0 there is § > 0 so
that d(z,y) < ¢ implies d(f(x), f(y)) < e. If E C X is any subset such that
diam E' < 6, then d(z,y) < d for all z,y € E so d(f(z), f(y)) < € which shows
that diam f(F) < e.

Conversely, suppose f is such that to every € > 0 there is 6 > 0 so that
diam E < § implies diam f(F) < e. Given any ¢ > 0, choose such a § > 0. For
any z,y € X with d(z,y) <, define E = {z,y} so that diam E < 6. Then
diam f(E) < ¢ which means d(f(x), f(y)) < € as required. O



4.10. EXERCISE 10 53

4.10 Exercise 10

Complete the details of the following alternative proof of Theorem 4.19: If f is
not uniformly continuous, then for some £ > 0 there are sequences {p,}, {¢n}
in X such that dx(pn, ¢n) — 0 but dy (f(pn), f(gs)) > €. Use Theorem 2.37 to
obtain a contradiction.

Theorem (4.19). Let f be a continuous mapping of a compact metric space X
into a metric space Y. Then f is uniformly continuous on X.

Proof. Put 6, = 1/n. If f is not uniformly continuous, then for some £ > 0
there are points p, and ¢, with dx(pn,qn) < 6, but dy (f(pn), f(g)) > € for
all n. Then {p,} and {q¢,} are sequences in X. Since X is compact, there is
some subsequence {p,,} and some subsequence {g,, } such that p,, — p and
Gn, — q for some p,q € X.

Since dx (pn,qn) — 0, we must have p = ¢. Since f is continuous, we also
have f(pn,) = f(p) and f(gn,) = f(q). Choose 01 so that d(f(pn,), f(p)) < &/2
for all £ > N7 and choose d2 so that d(f(gn, ), f(q)) < /2 for all k > N3. Then
for all k > max{Ny, N3}, we have

e €

d(f(pnk)7f(an)) < d(f(pnk)7f(p)) + d(f(p)7f(an-,)) < 5 + 5 =¢&.
This contradicts our earlier assertion. Therefore f must be uniformly continuous
on X. O

4.11 Exercise 11

Suppose f is a uniformly continuous mapping of a metric space X into a metric
space Y and prove that {f(z,)} is a Cauchy sequence in Y for every Cauchy
sequence {x,} in X. Use this result to give an alternative proof of the theorem
stated in Exercise 13.

Proof. Fix any € > 0 and let {z,,} be a Cauchy sequence in X. Since f is
uniformly continuous, there is a § > 0 such that

d(f(z), f(y)) <e whenever d(z,y) <. (4.3)

Since {x,,} is Cauchy, we can find a positive integer N such that d(x,, z,) < 0
whenever m,n > N. Then, by (L3, we have d(f(zy), f(z,)) < € for all
m,n > N, and we see that the sequence {f(z,)} is Cauchy in Y.

Now, let E be a dense subset of X and suppose f: E — R! is uniformly
continuous. We want to show that f has a continuous extension from F to X.
Pick any point p € X. Then either p € E or p is a limit point of E. If the
former, define g(p) = f(p).

If p is a limit point, then there is a sequence {p,} in E that converges to p.
Since every convergent sequence in a metric space is Cauchy, {p,} is a Cauchy
sequence, so our previous result guarantees that {f(p,)} is also Cauchy, and
hence converges to a point ¢ in R'. Define g(p) = ¢ in this case. It is then easy
to check that ¢ is a continuous function from X to R!. O
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4.12 Exercise 12

A uniformly continuous function of a uniformly continuous function is uniformly
continuous.
State this more precisely and prove it.

Solution. Let XY, Z be metric spaces, let f: X — Y and g: f(X) — Z be
uniformly continuous functions. Then the composite function g o f is uniformly
continuous.

To prove this, let € > 0. By the uniform continuity of g, there is 7 > 0 such
that d(g(p), g(q)) < € whenever d(p,q) < n, for any p,q € f(X). Also, by the
uniform continuity of f, we can find § > 0 such that d(f(s), f(t)) < n for any
s,t € X such that d(s,t) <.

Combining these two results, we have the following: given any =,y € X with
d(z,y) < 6, we have

d(g(f(x)),9(f(y))) <e.

Therefore g o f is uniformly continuous. O

4.13 Exercise 13

Let E be a dense subset of a metric space X, and let f be a uniformly continuous
real function defined on E. Prove that f has a continuous extension from FE to
X. (Uniqueness follows from Exercise [£.4])

Could the range space R' be replaced by R¥? By any compact metric space?
By any complete metric space? By any metric space?

Solution. Let f: E — R be uniformly continuous, where F is dense in X. For
each point p of X and each positive integer n, define V,,(p) to be the set of all
q € E with d(p,q) < 1/n. Define the set

F(p) = () f(Va(p))-

Then F(p) is the intersection of a nested set of closed and bounded (and hence
compact) subsets of R', so we know by the Corollary to Theorem 2.36 that F(p)
is nonempty.

Since f is uniformly continuous and since diamV,,(p) — 0, we know by
Exercise [4.9) that diam f(V,,(p)) — 0 also. Then by Theorem 3.10 (b), we know
F(p) consists of exactly one point. Call this point g(p). Note that if p € E,
then g(p) = f(p)-

To complete the proof, we must show that the function g is continuous. Let
€ > 0. By the uniform continuity of f, we can find § > 0 so that

& .
|f(p) — flg)] < 3 forallp,ge B with d(p,q) < 0.

Now let z,y € X with d(z,y) < 4. Choose p € E such that

02dy) nd |5(p) - glo)] < &
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(this is possible by our construction above). Similarly, choose ¢ € F such that

dtya) < 200 wd (7)ol < <.
Then
d(p,q) < d(p,x) + d(z,y) + d(y,q)
< (S*df(z’y) +d(z,y) + (S*df(z’y)
— 5,
"

lg(z) — gl < lg(x) — f(P)| + |f(p) — f(@)| + |f(q) — ()|

P
3 3 3
=E&.

So ¢ is uniformly continuous on X.

This proof relied on the property that closed and bounded subsets of R!
are compact. The same proof would work in R* as well as any compact metric
space. In fact, this result holds in any complete metric space, as we can see
from the proof in Exercise

Completeness is necessary, however: Let X be any metric space that is
not complete (for a concrete example, we could take the rationals Q). Take
the identity function f: X — X given by f(p) = p. f is certainly uniformly
continuous. If X* is the completion of X (see Exercise , then there is no
continuous extension of f from X to X* (having the same codomain X). For,
if there is such an extension, let it be g: X* — X. Now let h: X* — X* be
the identity function on X*. Then h is also a continuous extension of f, but
with a codomain of X™* instead of X. So we have found two different continuous
extensions of f to X*, and this contradicts what we know from Exercise[d.d] O

4.14 Exercise 14

Let I = [0,1] be the closed unit interval. Suppose f is a continuous mapping of
I into I. Prove that f(z) = x for at least one = € I.

Proof. Define g: [0,1] — R by g(z) = f(z) — . Then g is clearly continuous.
If g(0) = 0 or g(1) = 0 then we are done, so suppose g(0) and g(1) are both
nonzero. Then ¢g(0) > 0 and g(1) < 0, so by Theorem 2.43, there is a point ¢ in
(0,1) such that g(c) = 0. Then f(c) = c as required. O

4.15 Exercise 15

Call a mapping of X into Y open if f(V') is an open set in Y whenever V is an
open set in X.
Prove that every continuous open mapping of R' into R' is monotonic.
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Proof. Suppose f is a continuous mapping from R! into R! that is not mono-
tonic. We will show that f cannot be open. Because f is not monotonic, we
may choose points a,b,c € R! with a < b < ¢ such that

fla) < f(b) and f(b) > f(c)

(the inequalities could be reversed, but then we could just consider the function
—f, so there is no loss of generality). Now [a,c] is a closed bounded set in R,
hence it is compact. By the continuity of f and by Theorem 4.16, we know that
f attains a maximum value at a point x € (a,c).

Now consider the set f(I) where I is the segment (a,c). I is clearly open.
However, f(I) cannot be open, for f(z) is not an interior point of f(I) (f(x)
is the supremum of the set, so any neighborhood of f(z) must contain points
outside of f(I)). Therefore f is not an open map. The result now follows by
the contrapositive. O

4.16 Exercise 16

Let [z] denote the largest integer contained in z, that is, [z] is the integer such
that z —1 < [z] < z; and let () = z — [z] denote the fractional part of z. What
discontinuities do the functions [z] and (z) have?

Solution. Clearly both functions are discontinuous at all integer values of = and

continuous everywhere else. If n is an integer, then [n—] =n — 1 and [n+] = n,
so all discontinuities of [x] are simple discontinuities. Similarly, (n—) = 1 and
(n+) =0, and so () also has only simple discontinuities. O

4.17 Exercise 17

Let f be a real function defined on (a,b) Prove that the set of points at which
f has a simple discontinuity is at most countable.

Proof. Let E be the set of points z such that f(z—) < f(z+) and fix any
x € E. Since the rationals are dense in R!, we can choose a rational p with
flz=) < p < f(z+). Now since f(x—) exists and is less than p, we may take
e =p— f(x—) and choose § > 0 so that f(t) < p whenever ¢t € (z — J,z). We
may find a rational number ¢ with z — § < ¢ < z, so that f(t) < p for all
t € (¢, x). Similarly, we may find a rational number r > x with f(¢) > p for all
t € (z,7). Then z is described by the ordered triple (p, ¢, ) of rational numbers.

Now suppose x and y are members of F that are described by the same triple
(p,q,7). Since f(t) < p for all t € (g, x), we must have y > x since otherwise
f(y+) > p would be a contradiction. Similarly, since f(t) > p for all t € (z,r),
we must have y < x. It follows that y = x so that the two discontinuities are
actually the same. Therefore every triple (p,q,r) corresponds to at most one
member of E. Since the set of triples of rational numbers is countable, we know
that E is at most countable.

By defining the function g on (a,b) by g(z) = —f(z), we see that any simple
discontinuity of f such that f(x—) > f(z+) must give g(z—) < g(z+) so that
the above result shows that such discontinuities are also countable.
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The last type of simple discontinuity we have to consider is where f(z—) =
f(x+), so that f(x) # f(x—). If E is the set of such discontinuities, then we
may use the same ordered triple to describe F, except that we may choose p
to be between f(z—) and f(z), with ¢ and r such that either f(t) < f(z) for
all t € (¢, z) U (z,7r) or f(t) > f(x) for all t € (¢,x) U (x,r). Again, we find
that each triple corresponds to at most one member of F, so the set is at most
countable.

Combining these results, we see that the set of all simple discontinuities of
f is at most countable. O

4.18 Exercise 18

Every rational x can be written in the form x = m/n, where n > 0, and m
and n are integers without any common divisors. When z = 0, we take n = 1.
Consider the function f defined on R! by

@ 0 (x irrational),
f(z) = m
; (=%

r=—

n n

Prove that f is continuous at every irrational point, and that f has a simple
discontinuity at every rational point.

Proof. Choose any ¢ > 0. First, let = be any irrational number. We can find
a positive integer N such that 1/N < e. Now for each positive integer n < N,
take the largest integer k,, that is less than nz. Then we have

k k 1
g fnt ., n=12,...,N.
n n
Now for each positive n < N, set
. kn k, +1
0p, = min{ |z — —|,|x — —| ¢,
n n
and put
6 = min {J;}.
 in {0}

Then for any rational y = p/q (in lowest terms) such that |z — y| < J, we must
have ¢ > N so that

Iﬂw—fmﬂ=$<a

On the other hand, if y is irrational, then |f(y) — f(z)| = 0 < e. This shows
that f is continuous at any irrational x.

Now if z is rational, let it be written © = p/q in lowest terms, so that
f(x) = 1/q. We can perform the same construction as before, except that we
now have the possibility that nx is an integer, so we want to only choose n such
that ¢ < n < N, where N is chosen to be at least as large as ¢ + 1. Then the
same proof as before will show that

lim £(y) =0 # f(2).

So f is not continuous at each rational x, but the limit does exist, so these
discontinuities are all simple. O
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4.19 Exercise 19

Suppose f is a real function with domain R' which has the intermediate value
property: If f(a) < ¢ < f(b), then f(z) = c¢ for some x between a and b.
Suppose also, for every rational r, that the set of all z with f(z) = r is
closed.
Prove that f is continuous.

Proof. Suppose to the contrary that f is not continuous, say at the point xg.
Then for some € > 0 we may find a sequence of points {x, } which converges to
xo but such that f(x,)— f(xo) > € for all n (if this is not possible, then there is
a sequence with f(zg) — f(zn) > € and a similar argument will work). Choose
a rational number r € (f(xo), f(zo) + €).

Then for each n, r is between f(z¢) and f(z,). Since f has the intermediate
value property, we may find ¢,, between zy and x,, such that f(¢,) = r. Since
T, — o we also have t,, — xg. This shows that x( is a limit point of the set of
all ¢ such that f(t) =r. But f(z¢) # r, so this contradicts the fact that the set
is closed. Therefore f must be continuous. O

4.20 Exercise 20

If F is a nonempty subset of a metric space X, define the distance from z € X
to E by

pe(z) = Zlg}fﬂ d(z, z).

(a) Prove that pp(x) = 0 if and only if x € E.

Proof. Suppose pp(z) = 0. If z € E then certainly x € E, so suppose
x ¢ E. Then there is a 2, € £ such that d(w, z,) < 1/n for each positive
integer n. Therefore x is a limit point of F so x € F.

Conversely, if z € E then either x € E or z is a limit point of E. If
x € E then certainly pg(z) = 0. If x is a limit point, then we can find a
sequence {zy} of points in E with z, — x. This implies that d(z, z,) — 0,
so pg(x) = 0 in this case also. O

(b) Prove that pg is a uniformly continuous function on X, by showing that

lpe(x) = pe(y)| < d(z,y)

forallz € X,y e X.

Proof. Let z be any point in £. Then

This holds for all z € E, and by taking the infimum over z, the inequality
becomes

pe(®) < d(z,y) + pe(y).
Therefore
pe(z) — pe(y) < d(2,Y).
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In a similar way, we can show that

pe(Y) — pE(2) < d(y,2) = d(z,7).

Therefore
lpe(x) — pe(y)| <d(z,y) forall z,y € X.

This shows that pg is uniformly continuous on X. O

4.21 Exercise 21

Suppose K and F' are disjoint sets in a metric space X, K is compact, F' is
closed. Prove that there exists § > 0 such that d(p,q) >difpe K, g€ F.

Show that the conclusion may fail for two disjoint closed sets if neither is
compact.

Proof. If pr(p) = 0 for some p € K, we know by the previous exercise (Exer-
cise that p € F. But F is closed, so F' = F and we would have p € KNF,
which contradicts the fact that the sets are disjoint. So ppr(p) is strictly positive.

Since pr is a continuous function on the compact metric space K, we also
know by Theorem 4.16 that pr attains a minimum value on K. Thus we can
find a 6 > 0 such that pp(p) > ¢ for all p € K. Restated, this means that
d(p,q) >d for all pe K and g € F.

If F' and K are closed but not compact, the conclusion may fail. Take for
example the closed sets in R? given by

F={(z,00€R*|z€ R} and K ={(z,y)€ R*|y=1/(1+27)}.

Then pp(p) is still positive for all p € K, but for any d > 0 we can always find
a point p in K and ¢ in F with d(p,q) < 4. O

4.22 Exercise 22

Let A and B be disjoint nonempty closed sets in a metric space X, and define

B pa(p)
o) = pa(p) + pa(p) (P € X).

Show that f is a continuous function on X whose range lies in [0, 1], that
f(p) = 0 precisely on A and f(p) = 1 precisely on B. This establishes a
converse of Exercise Every closed set A C X is Z(f) for some continuous
real f on X. Setting

v=r1([0.4). w=r((3.1]),

show that V and W are open and disjoint, and that A C V,B C W. (Thus
pairs of disjoint closed sets in a metric space can be covered by pairs of disjoint
open sets. This property of metric spaces is called normality.)
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Proof. We have already seen in Exercise that ps and pp are continuous.
The continuity of f then follows from Theorem 4.4 (note that the denominator
is nonzero since p4(p) and pp(p) cannot be simultaneously zero).

We also know that, since A and B are closed, pa(p) = 0 if and only if p € A,
and pp(p) = 0 if and only if p € B. This implies that f(p) = 0 if and only if
p € A and f(p) =1 if and only if p € B, and that f(X) lies within the interval
[0,1].

Now let V and W be as described above. Take any point p € V. Suppose
palp) =r < % Then if we choose any positive § < % — r, we see that the
d-neighborhood of p is entirely contained within V. Therefore V is open, and
certainly A C V. In an entirely similar way we can show that W is open and
that B C W. Lastly, V and W must be disjoint since they are preimages of
disjoint sets under the same function. O

4.25 Exercise 25

If A C R* and B C R* define A+ B to be the set of all sums x +y with x € A4,
y € B.

(a) If K is compact and C'is closed in R¥, prove that K + C' is closed.

Proof. Take z ¢ K 4+ C and let
F=z-C={z-y|yeC}.

Now suppose a € FFN K. Then a = z — ¢ for some ¢ € C, so that
z = a+ c € K 4+ C, which contradicts our choice of z. Therefore F' and
K are disjoint sets.

Next, we show that F' is closed. Let a be a limit point of F. Let {f,} be
a sequence of points in F' converging to a. Then each f,, can be written
f, =z—c, for ¢, € C. Then {c,} is a sequence which converges to a
point ¢ in C (since C is closed). Thena=z—csoa € F.

Since K is compact and F is closed, with K and F' disjoint, we can, by
Exercise [£.21] find 6 > 0 such that [x —y| > & for any x € K and y € F.
We will show that the open ball with center z and radius § can have no
points in common with K + C. If there is such a point let it be x. Then
we can write x =k + ¢ for k € K and ¢ € C. But then

k—(z—c)|=x—1z| <9,

which is a contradiction since k € K and z — ¢ € F. This contradiction
shows that (K + C)° is open, so K 4+ C' must be closed. O

(b) Let « be an irrational real number. Let Cy be the set of all integers, let
C5 be the set of all na with n € C7. Show that C7 and Cy are closed
subsets of R! whose sum C; + Cj is not closed, by showing that C; + Cs
is a countable dense subset of R'.

Proof. C7 and C5 are each sets of isolated points and so are closed. C}
and Cy are both countable sets, so C7 + Cs must be countable also.
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We will show that Cy + Cy is dense in [0, 1]. Let [z] denote the greatest
integer less than or equal to x and let (z) = z — [z] denote the fractional
part of x. Let NV be any positive integer and consider the N + 1 numbers
Qa1,Q9,...,an+1 defined by

a; = (la) =ia—fia], 1<i<N+1.

Note that each «; belongs to Cy + Cy, since i € Cy and —[ia] € C;. Note
also that each o is distinct, since o; = ; for 7 # j implies that

ia — [ia] = jo = [jof

v _ Jia]  [jal
i

and this would imply that « is rational, which is a contradiction.

)

Now consider the N segments

k—1 k
Iy=(——,— k=1,2,...,N.
k <N7N>7 )4y )

Each «; must belong to one of these segments, since each a; cannot equal
one of the endpoints (since that would imply that « is rational) and all
other points in [0, 1] belong to some Ij.

Since there are N + 1 points and only N intervals, there must be at least
one I which contains at least two points a; and «; with ¢ # j. Let o
be the larger of the two. Then a; —a; < 1/N. But o;j — oy € Cy1 + Cy,
so the segment (0,1/N) contains a point 8 in C; + Cy for each positive
integer N. Then the segment ((k —1)/N, k/N) also contains such a point
for each N, since (k — 1) is in this interval and also in C; + Cj.

Now every segment (a,b) € [0,1] must contain a segment of the form
((k —1)/N,k/N) for some positive integers N and k. And this segment
has been shown to contain at least one element of Cy + Cy. Therefore
C1 + Cs is dense in [0,1]. Finally, since every point in R' can be written
as the sum of a number in [0, 1] and an integer, it follows that Cq + Cy is
dense in all of R*.

Finally, C7 + C2 cannot be closed since it is a dense proper subset of
RL. O

4.26 Exercise 26

Suppose X, Y, Z are metric spaces, and Y is compact. Let f map X into Y,
let g be a continuous one-to-one mapping of Y into Z, and put h(z) = g(f(x))
for z € X.

Prove that f is uniformly continuous if A is uniformly continuous.

Prove also that f is continuous if A is continuous.

Show that the compactness of Y cannot be omitted from the hypotheses,
even when X and Z are compact.
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Proof. Let h be uniformly continuous. Since g is a continuous one-to-one map-
ping defined on the compact metric space Y, we know that the inverse mapping
gt g(Y) — Y is continuous by Theorem 4.17. Note also that for all x in X,
f(2) = gL (h(x)).

Now, since ¢ is continuous on a compact metric space, its image ¢g(Y") is also
compact by Theorem 4.14. But then ¢! has as its domain the compact metric
space g(Y), so g~! is also uniformly continuous by Theorem 4.19. Therefore f
is the composition of two uniformly continuous functions, and so is uniformly
continuous by Exercise

Next, if h is continuous (but not necessarily uniformly continuous), then f
must be continuous by the same argument that was given above.

Finally, the compactness of Y is necessary for these results to hold in general.
To see this, let X = Z =[0,1] and Y = {0} U [1,00). Define f: X — Y by

Lo ifo<z<1
_ )z = 4
/(@) {0 if 2 =0,

and g: Y — Z by

(@) %, ifx>1,
xTr) =
g 0, ifz=0.

Now X and Z are compact, g is a continuous one-to-one mapping, and h is the

identity function on [0, 1] and so is continuous, but f is clearly not continuous.
O
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