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Preface

This is an unofficial solution guide to the book Linear Algebra, Second Edition,
by Kenneth Hoffman and Ray Kunze. It is intended for students who are study-
ing linear algebra using Hoffman and Kunze’s text. I encourage students who
use this guide to first attempt each exercise on their own before looking up the
solution, as doing exercises is an essential part of learning mathematics.

In writing this guide, I have avoided using techniques or results before the
point at which they are introduced in the text. My solutions should therefore
be accessible to someone who is reading through Hoffman and Kunze for the
first time.

Given the large number of exercises, errors are unavoidable in a work such
as this. T have done my best to proofread each solution, but mistakes will get
through nonetheless. If you find one, please feel free to tell me about it via
email: [gkikola@gmail.com. I appreciate any corrections or feedback.

Please know that this guide is currently unfinished. I am slowly working on
adding the remaining chapters, but this will be done at my own pace. If you
need a solution to an exercise that I have not included, try typing the problem
statement into a web search engine such as Google; it is likely that someone else
has already posted a solution.

This guide is licensed under the Creative Commons Attribution-ShareAlike
4.0 International License. To view a copy of this license, visit

http://creativecommons.org/licenses /by-sa/4.0/

I am deeply grateful to the authors, Kenneth Hoffman and Ray Kunze, for
producing a well-organized and comprehensive book that is a pleasure to read.

Greg Kikola
www.gregkikola.com
gkikola@gmail.com
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Chapter 1

Linear Equations

1.2 Systems of Linear Equations

1.2.1 Exercise 1

Verify that the set of complex numbers described in Example 4 is a subfield of
C.

Solution. The set in Example 4 consisted of all complex numbers of the form
x 4+ yv/2, where  and y are rational. Call this set F.

Note that 0 = 0+0v2 € Fand 1 =1+0v2 € F. If a = a + by/2 and
B = ¢+ dv/?2 are any elements of F, then

atB=(atc)+(b+dV2€F,

and
—a=-a—-b/2€F.

We also have
af = ac+ adv2 + bev'2 + 2bd
= (ac+ 2bd) + (ad + bc)V2 € F

and, provided « is nonzero,

01— 1 a—b\/i_ a B b JaceF

Ta4+bV/2 a2 —202 a2 —202 a?—2b?

Since F' contains 0 and 1 and is closed under addition, multiplication, additive
inverses, and multiplicative inverses, F' is a subfield of C. O

1.2.2 Exercise 2

Let F be the field of complex numbers. Are the following two systems of linear
equations equivalent? If so, express each equation in each system as a linear
combination of the equations in the other system.

r1 — 29 =0 3x1+x9=0
21’1+1’2:0 x1+x2:0
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Solution. The systems are equivalent. For the first system, we can write

21 — g = (3z1 + x2) — 2(x1 + 22) =0,
2$1 + 2o = %(3(1?1 + IQ) + %(‘Tl + 172) =0.

And for the second system,

3£C1 +x9 = %((El - 1’2) + %(2.’51 +f£2) = 0,
€1 +$2:—%<$1—$2>+%(2$1 +$2):O- O

1.2.3 Exercise 3
Test the following systems of equations as in Exercise [[.2.2]
—x1+ To+ 4x3 =0 X —x3 =0
{E1+3$2+8£E3:0 IE2+3(E3:0

%l‘l-i- l‘2+%$3:0
Solution. For the first system, we have

—x1 + 22 + 413 = —(1‘1 — 333) + (332 + 3$3) =0,
r1 + 329 + 83 = (11 — x3) + 3(w2 4 323) = 0,
%(1‘1 —x3) + (22 + 3z3) = 0.

o142+ 32
741 2 o3
For the second system, we have

T, — T3 = 7%(7171 + To + 41‘3) + i(xl + 3I2 + 8563) + 0(%171 + Zo + gfﬂg),
Ty + 3wz = L(—z1 + 22 + 43) + (21 + 322 + 8a3) + 0321 + 22 + 2x3).

So, the two systems are equivalent. O

1.2.4 Exercise 4

Test the following systems as in Exercise [1.2.2

2

3x9 — 2ix3 + 524 =0 %xl—%mg—i— 3+ Ty =0

21 + (=1 4 0)xz 4+ x24=0 (1+Z>$1+8m2—i3€3— 4=0

Solution. Call the equations in the system on the left L; and Lo, and the equa-
tions on the right Ry and Rs. If Ry = alL;+bL4 then, by equating the coefficients
of x3, we get

—1 = —2ib,

which implies that b = 1/2. By equating the coefficients of z, we get

so that
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Now, comparing the coefficients of x4, we find that

l—a+sbe 4 iip2_gy L,
- oyt Ty T

which is clearly a contradiction. Therefore the two systems are not equivalent.
O

1.2.5 Exercise 5

Let F be a set which contains exactly two elements, 0 and 1. Define an addition
and multiplication by the tables:

— o+
=l

0 1 - 10
0 1 010
1 0 110
Verify that the set F', together with these two operations, is a field.

Solution. From the symmetry in the tables, we see that both operations are
commutative.

By considering all eight possibilities, one can see that (a+b)+c = a+ (b+c¢).
And one may in a similar way verify that (ab)c = a(bc), so that associativity
holds for the two operations.

0+0=0and 0+ 1 =1 so F has an additive identity. Similarly, 1-0 =0
and 1-1 =1 so F' has a multiplicative identity.

The additive inverse of 0 is 0 and the additive inverse of 1 is 1. The multi-
plicative inverse of 1 is 1. So F' has inverses.

Lastly, by considering the eight cases, one may verify that a(b+c) = ab+ac.
Therefore distributivity of multiplication over addition holds and F'is a field. [

1.2.7 Exercise 7

Prove that each subfield of the field of complex numbers contains every rational
number.

Proof. Let F be a subfield of C and let r = m/n be any rational number, written
in lowest terms. F' must contain 0 and 1, so if r = 0 then we are done. Now
assume 7 is nonzero.

Since 1 € F, and F' is closed under addition, we know that 1+1 =2 € F.
And, if the integer k is in F', then k 4 1 is also in F. By induction, we see that
all positive integers belong to F. We also know that all negative integers are
in F because F is closed under additive inverses. So, in particular, m € F' and
nekF.

Now F' is closed under multiplicative inverses, so n € F implies 1/n € F.
Finally, closure under multiplication shows that m - (1/n) = m/n = r € F.
Since r was arbitrary, we can conclude that all rational numbers are in F. O
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1.2.8 Exercise 8

Prove that each field of characteristic zero contains a copy of the rational number
field.

Proof. Let F be a field of characteristic zero. Define the map f: @ — F (where
@ denotes the rational numbers) as follows. Let f(0) = Op and f(1) = 1p,
where Op and 1y are the additive and multiplicative identities, respectively, of
F. Given a positive integer n, define f(n) = f(n—1)+1p and f(—n) = —f(n).
If a rational number 7 = m/n is not an integer, define f(r) = f(m)- (f(n))"".

First we show that the function f preserves addition and multiplication. A
simple induction argument will show that, in the case of integers m and n, we
have

flm+mn)=f(m)+f(n) and  f(mn)= f(m)f(n).

Now let r1 = mi/n; and ro = mg/ny be rational numbers in lowest terms.
Then, by the definition of f,

f(r1+r2) = f((minz + mani)/(nin2))
= f(ming + many) f(ning) ™
(

= (f(m1)f(n2) + f(ma) f(n1))f(n1) " f(n2) ™"

Likewise,

flrira) = f(ma) f(ma) f(n1) ™' f(n2) ™" = f(r1) f(re).

(Formally, this shows that f is a ring homomorphism.)
We will next show that the function f is one-to-one. If 1y = mj/ny and
r9 = mgy/ng are rational numbers in lowest terms, then f(r1) = f(r2) implies

fm1) f(n1) ™" = f(ma)f(n2) "

f(ma) f(n2) = f(ma)f(n1).
This implies
f(ming) = f(many).

Now if ming # mony, then this would imply that F' does not have characteristic
zero. So ming = mong and SO 11 = Ta.

What we have shown is that every rational number corresponds to a distinct
element of F', and that the operations of addition and multiplication of rational
numbers is preserved by this correspondence. So F' contains a copy of Q. O
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1.3 Matrices and Elementary Row Operations

1.3.1 Exercise 1
Find all solutions to the system of equations

(]. —Z)l’l —i.’EQ =0

Solution. Using elementary row operations, we get

l—i =il fl=i =i @/ 0 0
2 1-i 1 1-1i 1 12-—4il-

11
2 2
So the system in (1.1)) is equivalent to

(2-1i)m=0
T B 2Z o = U.

Therefore, if ¢ is any complex scalar, then ;7 = (=1 + i)c and 25 = 2c is a

solution to (|1.1)). O
1.3.2 Exercise 2
If
3 -1 2
A=12 1 1
1 -3 0

find all solutions of AX = 0 by row-reducing A.
Solution. We get

3 -1 2 1 -1 2 1 -3 2
2 1 1| Sl 1 1| & oz 1Y
1 -3 0 1 -3 0 0 -5 -2
r 1 2 3 3 7
175(2)105(1)105(2)
0 1 =i =01 -} =101 =% =
8 2 6
o -5 -2 00 -¢ 00 1|
1 00
0 1 0f.
0 0 1
Thus AX = 0 has only the trivial solution. O

1.3.3 Exercise 3

If
6 -4 0
A=14 -2 0
-1 0 3

find all solutions of AX = 2X and all solutions of AX = 3X. (The symbol ¢X

denotes the matrix each entry of which is ¢ times the corresponding entry of
X))
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Solution. The matrix equation AX = 2X corresponds to the system of linear
equations

63’51 — 4.%'2 = 2331
4.’E1 — 2£E2 = 2(E2
71(E1 + 3353 = 2:133,
or, equivalently,
41‘1 — 4.’)32 =0
41’1 - 41’2 =0
—1931 + Tr3 = 0

This system is homogeneous, and can be represented by the equation BX = 0,
where B is given by

4 -4 0
B=14 -4 0
-1 0 1
B can be row-reduced:
4 -4 0 1 0 -1
4 —4 0f—=10 1 -1
-1 0 1 00 O

Therefore any solution of AX = 2X will have the form
(1'17 T2, ng) = (a, a, (Z) = a(]-v 1, ]-)a

where a is a scalar.
Similarly, the equation AX = 3X can be solved by row-reducing

3 -4
4 =5
-1 0

0 1 00
0] - (0 1 O
0 0 0 O
So, solutions of AX = 3X have the form
(:Ch L2, I3) = (07 0, b) = b(oa 0, 1)7

where b is a scalar. O

1.3.4 Exercise 4

Find a row-reduced matrix which is row-equivalent to

i —(144) 0
A={1 =2 1
12 -1
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Solution. Using the elementary row operations, we get

i —(1+4) 0 a 1 =147 0 @ 1 -1+¢ 0 @
R S O ECONS PR S B N [ R A O RGO
1 2 -1 1 2i -1 0 147 -1
1 =144 0 1 0 i
0 1 i+l o1 —l4l
0 1+ -1 0 0 0
The last matrix is row-equivalent to A. O

1.3.5 Exercise 5

Prove that the following two matrices are not row-equivalent:

2 0 0 1 1 2
a -1 0|, |-2 0 -1
b ¢ 3 1 3 5

2 0 0 W 1 0 O @ 1 0 O )
a -1 0 = |la -1 0 —= (0 -1 O —=
b 3 b ¢ 3 0 3

We see that this matrix is row-equivalent to the identity matrix. The corre-
sponding system of equations has only the trivial solution.
For the second matrix, we get

O N L -1 11 2 .
-2 0 -1 =10 2 3| —= |0 1 2| =
1 3 5 0 2 3 0 2 3
11 2 10 3
(2) 3
01 3| =101 2.
000 00 0

The system of equations corresponding to this matrix has nontrivial solutions.
Therefore the two matrices are not row-equivalent. O

1.3.6 Exercise 6
Let
a b
a-fe
be a 2 X 2 matrix with complex entries. Suppose that A is row-reduced and also
that a + b+ ¢+ d = 0. Prove that there are exactly three such matrices.
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Proof. One possibility is the zero matrix,
0 0
A= .
If A is not the zero matrix, then it has at least one nonzero row. If it has

exactly one nonzero row, then in order to satisfy the given constraints, the
nonzero row will have a 1 in the first column and a —1 in the second. This gives

two possibilities,
1 -1 0 0
A—[O 0} or A_[l 1].

Finally, if A has two nonzero rows, then it must be the identity matrix or the
matrix [{ 3], but neither of these are valid since the sum of the entries is nonzero

in each case. Thus there are only the three possibilities given above. O

1.3.7 Exercise 7

Prove that the interchange of two rows of a matrix can be accomplished by a
finite sequence of elementary row operations of the other two types.

Proof. We can, without loss of generality, assume that the matrix has only two
rows, since any additional rows could just be ignored in the procedure that
follows. Let this matrix be given by

a az asz ---  Qan

A=1p by by - by

First, add —1 times row 2 to row 1 to get the matrix

A ~Jar—by az—by az—bs an — by,
oy b by o by |
Next, add row 1 to row 2 to get
-Cll - b1 a9 — bg as — b3 ap — bn-
Ay =
L ay a2 as (07 ]
and then add —1 times row 2 to row 1, which gives
4y — {—bl ~by —bs —bn} |
a1 a9 as R (7Y

For the final step, multiply row 1 by —1 to get

A4:[b1 by b .- bn].
ay az agz --- Qp,

We can see that A4 has the same entries as Ay but with the rows interchanged.
And only a finite number of elementary row operations of the first two kinds
were performed. O
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1.3.8 Exercise 8

Consider the system of equations AX = 0 where

o

is a 2 x 2 matrix over the field F. Prove the following.

(a)

If every entry of A is 0, then every pair (z1,z2) is a solution of AX = 0.

Proof. This is clear, since the equation 0x; 4+ Ozo = 0 is satisfied for any
(71,22) € F? (note that in any field, 0z = (1 — 1)z =z — 2 = 0). O

If ad—bc # 0, the system AX = 0 has only the trivial solution 1 = o = 0.

Proof. First suppose bd # 0. Then we can perform the following row-
reduction.

[a b} (1) [ad bd] Q} [ad—bc 0] (1)

¢ dl 7 |be bd be  bd|

1 0 EL 1 0 g 1 0
bec bd 0 bd 0 1|’
In this case, A is row-equivalent to the 2 x 2 identity matrix.

On the other hand, if bd = 0 then one of b or d is zero (but not both). If
b =0, then ad # 0 and we get

aOﬁ)lOﬂlOﬁ}lO
c d c d 0 d 0 1|°

If d = 0, then bc # 0 and we have

ab(i)>c()(i>10(i)>10(i)>10
c 0 a b a b 0 b 0 1|°

We see that, in every case, A is row-equivalent to the identity matrix.
Therefore AX = 0 has only the trivial solution. O

If ad — bc = 0 and some entry of A is different from 0, then there is a
solution (29,29) such that (x1,x3) is a solution if and only if there is a

scalar y such that x; = yz9, x5 = yal.

Proof. Since one of the entries a, b, ¢, d is nonzero, we can assume without
loss of generality that a is nonzero (because, if the first row is zero then we
could simply interchange the rows and relabel the entries; and if the only
nonzero entry occurs in the second column, then we could interchange the
columns which would correspond to relabeling z; and x2).

Keeping in mind that a is nonzero, we perform the following row-reduction.

o bl [ttt ¢
c d c d Oad;bc'
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Since ad — bc = 0, the second row of this final matrix is zero, and we see
that there are nontrivial solutions. If we let

0 _ 0 _
xy=>b and xz45= —a,

then (x1,2) is a solution if and only if 71 = yz{ and x5 = ya3 for some
yeF. O



1.4. ROW-REDUCED ECHELON MATRICES 11

1.4 Row-Reduced Echelon Matrices

1.4.1 Exercise 1

Find all solutions to the following system of equations by row-reducing the
coefficient matrix:

%331 +2x5 — 623 =0
—4x4q + 5x3=0
—3.’E1 + 6%2 — 131}3 =0

—%l‘l + 229 — %l‘g, =0

Solution. The coefficient matrix reduces as follows:

3 2 —6 1 6 —18 1 6 -18
-4 0 5| @ |[-4 0 5| @ [0 24 —67| )
— — —
-3 6 —13 -3 6 —13 0 24 —67
7 8 7 8 134
-3 2 —3 -3 2 —3 0 16 —5%°
1 6 -18 1o -2
0 1 —% ﬁ) 0 1 f%
67
0o 1 -4 00 O
0 16 -4 00 0

Setting x3 = 24¢, we see that all solutions have the form
r1 =30t, xzy=067t, and x3=24t,

where ¢ is an arbitrary scalar. O

1.4.2 Exercise 2

Find a row-reduced echelon matrix which is row-equivalent to
1 -3
A= |2 2

i 1414

What are the solutions of AX = 07

Solution. Performing row-reduction on A gives

O P e A O 1 N
2 2 | o 242 Lo 1] o 1],
i 1+ 0 i 0 i 0 0

and this last matrix is in row-reduced echelon form. Therefore the homogeneous
system AX = 0 has only the trivial solution x; = x5 = 0. O
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1.4.3 Exercise 3

Describe explicitly all 2 x 2 row-reduced echelon matrices.
Solution. If a 2 x 2 matrix has no nonzero rows, then it is the zero matrix,
0 0
which is in row-reduced echelon form.
Next, if a 2 x 2 matrix has exactly one nonzero row, then in order to be in

row-reduced echelon form, the nonzero row must be in row 1 and it must start
with an entry of 1. There are two possibilities,

oo o bl

where @ is an arbitrary scalar.
Lastly, if a 2 x 2 matrix in row-reduced echelon form has two nonzero rows,
then the diagonal entries must be 1 and the other entries 0, so we get the identity

matrix
1 0
I= [0 1} ’

These are the only possibilities. O

1.4.4 Exercise 4

Consider the system of equations

T — $2+2$3:1
2%‘1 —|—2J33=1
r1 — 3xo + 43 = 2.

Does this system have a solution? If so, describe explicitly all solutions.

Solution. We perform row-reduction on the augmented matrix:

1121 12 1]
2 0 2 1| Elo 2 —2 1|
1 -3 4 2 0 -2 2 1

From this we see that the original system of equations has solutions. All solu-
tions are of the form

1 1
wlz—t+§, mgzt—i, and xz3='t,

for some scalar t. O
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1.4.5 Exercise 5

Give an example of a system of two linear equations in two unknowns which
has no solution.

Solution. We can find such a system by ensuring that the coefficients in one
equation are a multiple of the other, while the constant term is not the same
multiple. For example, one such system is

1+ 219 =3
—3.’171 — 6$2 = 5.
This system has no solutions since the augmented matrix is row-equivalent to a

matrix in which one row consists of zero entries everywhere but the rightmost
column. O

1.4.6 Exercise 6

Show that the system

T, — 209+ x3+2x4=1
T1+ T2— T3+ T4=2

Ty + T7rx9 —dx3 — T4 =3

has no solution.

Solution. Row-reduction on the augmented matrix gives

12 1 2 1] 121 2 1]
11 -1 1 2% lo 3 —2 -1 1| Y
1 7 -5 -1 3 0 9 —6 -3 2
1 4 5
1 -2 1 2 1 N 10 -1 4 3
2 1 1 2 1 1
01 -3 -3 5| —1|01 -5 -3 3
0 9 -6 -3 2 00 0 0 -1

Since the first nonzero entry in the bottom row of the last matrix is in the right-
most column, the corresponding system of equations has no solution. Therefore
the original system of equations also has no solution. O

1.4.7 Exercise 7

Find all solutions of

201 — 3x0 — Tx3 + by + 2005 = —2
r1 — 2wy —4x3 + 34+ x5 = —2
21 —4x3+2x4+ 5= 3
r1 — dxg — Txs + 614 + 225 = —7.
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Solution. The augmented matrix can be row-reduced as follows:

9 -3 7 5 2 —2 1 -2 —4 3 1 -2
1 -2 431 2| ® |2 -3 -7 52 2| @
2 0 -4 2 1 3 2 0 -4 2 1 3
1 =5 -7 6 2 -7 1 =5 -7 6 2 -7

1 -2 -4 3 1 -2 10 -2 1 1 2

001 1 -1 0 2@ 01 1 -1 0 2|

0 4 4 —4 -1 7 00 0 0 -1 —1

0 -3 -3 3 1 -5 00 0 0 1 1

10 -2 1 1 2 10 -2 1 0 1
01 1 102 @01 1 —-10 2
00 0 o0 11/ “loo 0o o 11
00 0 0 11 00 0 0 00

The columns with a leading 1 correspond to the variables x1, x2, and x5, so
these variables will depend on the remaining two variables, which can take any
value. Therefore all solutions have the form

r1=2s—t+1, a9=t—s54+2, xz3=8, x4=1t, and x5=1,
where s and t are arbitrary scalars. O
1.4.8 Exercise 8
Let
3 -1 2
A=1(2 1 1
1 -3 0

For which triples (y1, y2,y3) does the system AX =Y have a solution?

Solution. We will perform row-reduction on the augmented matrix:

1 -1 2 1
3 -1 2 @ 3 3 3% @)
2 1 1 | Ul 1 1 |2
1 -3 0 ys 1 =3 0 ys
12 1 12 1
I -3 3 341 " I -3 3 341 .
0 2 —3 —3p+w|—|0 1 -1 —2n+ipl —
0 -3 -3 —3m+us 0 -5 -3 —3mtus
0 2 1+ 2y W [P g Ly + Ly, N
T U P RN I R s
0 =% —Iyi+3y+us 0 0 1 Fyi—35% -y
1 0 0 —3y1+y2+5ys
010 f%yﬁr%yz*%%
0 0 1 Iy —dy,—3
6 Y1 3Y2 6Y3

Since every row contains a nonzero entry in the first three columns, the system
of equations AX =Y is consistent regardless of the values of y1, y2, and ys.
Therefore AX =Y has a unique solution for any triple (y1,ya2,ys). O
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1.4.9 Exercise 9

Let

3 —6
-2 4
A= 0 0
1 -2

-1
3
1
0

— == N

15

For which (y1, y2, y3, ya) does the system of equations AX =Y have a solution?

Solution. Row-reduction on the augmented matrix gives

3 —6
2 4
0 0
1 -2
2 1
=23 —3
7 7
0 0 3 3
0 11
1 1
0 3 3

oo»a»—tr—\l
! W= O = W

W=

wl
<
—

Ya
%91
%% + %yz
Y3
_%yl + Ya

2

2 —1 L =2 3
-

1 1 wys 0 0 1

L0 1 -2 1

W 1 -2 3
Zyity | [0 0 1

-

Y3 O 1
_1 + 0 1
3Y1 T Y4 3
1 -2 0 -1 Ty — 2y
0 0 1 1 2y + 2y,
0 0 0 0 —Zy—2yp+ys
0 0 0 0 —2yi—2ya+ua

So, in order for the system AX =Y to have a solution, we need (y1,¥y2, Y3, y4)

to satisfy

—%le - %yz + Y3

3 1
—7Y1 T 7Y

=0
+ys=0.

To determine the conditions on Y, we row-reduce the coefficient matrix for this

system.

B

EN[SSIEN ()
Nl e

|

o

|

[
—_

—_

0

3 7

o |1 5 =3

_>[_3 _1
7 7

L B NONT

1 -3 2 0

0
‘|ﬂ
1

0 1

1 -3

3 7
1 3
-3
9 |

—~
—
—

From this we see that in order for AX =Y to have a solution, (y1,¥y2,¥ys,y4)

must take the form

where s and ¢ are arbitrary.

(Y1,Y2,¥3,94) = (3t — 5,35 — 2t, 5, 1),
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1.5 Matrix Multiplication

1.5.1 Exercise 1

|

Compute ABC and CAB.

Let

2
1

-1 1

4 2 1

|\

Solution. We get

2 -1 1
wmo- 2 }([
:{2 -1 1} i’
1Lo2 o1,
and
CAB = [1 —1](E
4
:[1 _1] M:
1.5.2 Exercise 2
Let
1 -1 1
A=1|2 0 1|, B
3 0 1

Verify directly that A(AB) = A?B.

Solution. We have

1 -1 1 1
AAB)=12 0 1 2
3 0 1] 3

1 -1 1] [5

=12 0 1] |8

3 0 1] |10

CHAPTER 1. LINEAR EQUATIONS

NN

-1 7 -3
0|=1|20 -4,
—2 25 —5
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and
- -2
1 -1 1 2 =2
A*B=|2 0 1| |1 3
3 0 1] |4 4
2 -1 1] [2 -2
=15 -2 3| |1 3
6 —3 4| [4 4
7 -3
=120 —4
25 —5
So A(AB) = A%B as expected. O

1.5.3 Exercise 3
Find two different 2 x 2 matrices A such that A% = 0 but A # 0.

Solution. Two possibilities are

0 1 and 00
00 1 0]°
Both of these are nonzero matrices that satisfy A2 = 0. O

1.5.4 Exercise 4

For the matrix A of Exercise[1.5.2] find elementary matrices E1, Es, ..., E} such
that
Ey---EyE1A=1.

Solution. We want to reduce
1 -1 1
A=12 0 1
3 0 1
to the identity matrix. To start, we can use two elementary row operations of
the second kind to get 0 in the bottom two entries of column 1. Performing the

same operations on the identity matrix gives

1 0 0 1 0 0
Fi=1-2 1 0 and Ey=|0 1 0
0 0 1 -3 0 1
Then
1 -1 1
E;EF1A= 10 2 -1
0o 3 -2

Next, we can use a row operation of the first kind to make the central entry into
al:

1 0 0 1 -1 1
Eg =10 % 0 s so that E3E2E1A =10 1 —%
0 0 1 0 3 =2
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Continuing in this way, we get

110 1 0 O
E,= |0 1 0 and Fs= (0 1 0f,
0 0 1 0 -3 1
so that
10 3
EsEJEsE;EiA= [0 1 —1
00 -1
Then
10 0 10 3
Es=10 1 0 so that EgEsE,E3EsE A= |0 1 —1
0 0 -2 0 0 1
Finally,
100 10 -3
E;=10 1 }| and Es={0 1 0 [,
0 0 1 0 0 1
which gives
1 00
EsE;EqEsE FEsEE, = |0 1 0 =1.
0 0 1
Thus each of Fi, Es, ..., Eg are elementary matrices, and they are such that
Es---EyE1A=1. O
1.5.5 Exercise 5
Let
1 -1
A=12 2 and B{_i ﬂ
10
Is there a matrix C such that CA = B?
Solution. Suppose there is, and let
c_|a e e
Cq4 C; Cg ’
Then
Cci1 C2 C3 -l 3 1
2 2| = 4 4l
Cq4 C;5 Cg 1 0
This leads to the following system of equations:
c1+2co+c3 =3, ¢4 + 2c5 +cg = —4,

—c1 + 2¢o =1, —c4 + 2c¢5 =4.
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This system has solutions

(c1,¢2,¢C3,¢4,05,¢6) = (1 — 25,1 — s,4s,2t — 4,1, —4t).

For example, taking s =t = —1, we get the matrix
3 2 -4
¢= [6 -1 4 ] ’
and one can easily verify that CA = B. O

1.5.6 Exercise 6

Let A be an m X n matrix and B an n X k matrix. Show that the columns
of C = AB are linear combinations of the columns of A. If aq,...,a, are the
columns of A and ~v1,...,7% are the columns of C, then

n
Yi = Z BrjOéT.
r=1

Proof. Let A, B,C be as stated. By the definition of matrix multiplication, we
have

A B+ AaBoj + -+ A1 By
A21Byj + AsoBoj + - -+ A By
Vi = .

AmlBlj + AmQBQj +-- Amanj

An Aqo Ain

Agy Ago Aan
=By | . | +By| . |+ + B | .

Aml Am2 Amn

= Bljal + ngag + -4+ anan = ZB»,‘]'CVT.
r=1

Therefore the columns of C' = AB are linear combinations of the columns of
A. O
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1.6 Invertible Matrices

1.6.1 Exercise 1

Let

o
I

\
—
o
w
o

Find a row-reduced echelon matrix R which is row-equivalent to A and an
invertible 3 x 3 matrix P such that R = PA.

Solution. We can perform elementary row operations on A, while performing
the same operations on I, in order to find R and P:

1 2 10 1 00
-1 0 3 5/, |01 0
1 -2 1 1f 0 0 1
1 2 1 0] (1 0 0]
0 2 4 5, 1 10
0 —4 0 1] -1 0 1]
1 0 -3 =5 [0 —1 0]
02 4 51|, [1 1 0
0 0 8 11| 1 2 1]
(1 0 -3 -—5] [0 -1 0
5 1 1
o1 2 2, |3 L o0
11 1 1 1
00 1 s 1 s
77 r3 1 3
100 —5 § "1 %
1 1 1
010 =, [ o -1
11 1 1 1
00 1T %] s 1 3
Therefore,
7 3 1 3
100 -1 S -1 3 L [3 -2 3
R=010—i,P:i0—i:§20—27
11 1 1 1 1 2 1
001 % 5 1 3
and R = PA. O
1.6.2 Exercise 2
Do Exercise [1.6.1] but with
2 0 i

11 1
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Solution. We proceed as before:

2 0 7 1 0 O
1 -3 —i|, (010
i 1 1] [0 0 1]
1 —3 —] [0 1 0]
2 0 il, |1 00
i 1 1] [0 0 1]
1 -3 —] (0 1 0
0 6 3il, (1 =2 0
0 1+3i 0] |0 —i 1
1 -3 —q] [0 1 O
0 1 Lil, [§ -3 0
0 143 0] [0 —i 1
1o L] [ 3 0 0
1 1 1
0 1 §Z 5 5 -3 0
0 0 3-14 -5—3i 3 1
1o ] [3 0 0
0 1 3if, 3 -1 0
0 0 1] |—3i 3+ 243
] r 1 1 1. 1 3 s
3 1 1 3
0 1 0 s 0 10 ﬁl E_EZ
0 0 1] |- 3430 2+4i
So
1 0 0 10 1—3 3—9
R=10 1 0| =I, P=g-| 0 —9-3i 3-0i|,
0 0 1 —10¢ 6+4+2¢ 18467
and R = PA. OJ
1.6.3 Exercise 3
For each of the two matrices
2 5 -1 1 -1 2
4 -1 2|, (3 2 4
6 4 1 0o 1 =2

use elementary row operations to discover whether it is invertible, and to find
the inverse in case it is.

Solution. For the first matrix, row-reduction gives

1 5 _1 1 5 _1 1 5 _1
2 5 -1 @ 2 2 @ 2 2 @) 2 2
4 -1 2|54 -1 2| %o —11 4| -L o -11 4],
6 4 1 6 4 1 0 —11 4 0 0 0
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and we see that the original matrix is not invertible since it is row-equivalent to
a matrix having a row of zeros.
For the second matrix, we get

1 -1 2 1 00
3 2 4|, |01 0
0 1 -2 0 0 1
1 -1 27 (1 0 0]
0 5 -2/, |-3 10
0 1 -2 0 0 1]
1 -1 2] [1 0 0]
0 1 -2/, 0 0 1
0 5 -2 -3 1 0]
1 0 0] (1 0
0 1 -2, 0 0 1
0 0 | -3 1 -5
(1 0 0] (1 0 17
0 1 -2, 0 0 1
3 1 5
00 1] =5 5 sl
1 0 0] (1 0 17
3 1 1
0100, |-3 1 —1
3 1 5
0 0 1] =5 5 sl

From this we see that the original matrix is invertible and its inverse is the
matrix

8 0 8
— -6 2 =21. O
813 1 =5
1.6.4 Exercise 4
Let
5 0 0
A=1[1 5 0
0 1 5

For which X does there exist a scalar ¢ such that AX = ¢X?

Solution. Let

Then AX = ¢X implies

5$1
1 + 5x9
To + bxs

= CI1

= CI2

= Ccx3,
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and this is a homogeneous system of equations with coefficient matrix

5—c 0 0
B = 1 5—c 0
0 1 5—c

If ¢ = 5 then (1, 22, 23) = (0,0, t) for some scalar ¢, so this gives one possibility
for X. If we assume ¢ # 5, then the matrix B can be row-reduced to the identity
matrix, so that X = 0 is then the only possibility. Therefore, there is a scalar
¢ with AX = ¢X if and only if

0
X=10],
t
for some arbitrary scalar . O
1.6.5 Exercise 5
Discover whether
1 2 3 4
0 2 3 4
A= 0 0 3 4
00 0 4
is invertible, and find A~ if it exists.
Solution. We proceed in the usual way:
[1 2 3 4] [1 0 0 0
0 2 3 4 01 00O
0 0 3 4}’ 0 01 0
10 0 0 4 00 0 1
1 2 3 0] 1 0 0 -1
0 2 3 0 01 0 -1
0 0 3 of’ 0 01 -1
0 0 0 1] 0 0 0 %
1 2 0 0] 1 0 1 0
0 2 0 0 01 -1 0
0010 |00 § -3
10 0 0 1} 0 0 0 i
1 0 0 0] 1 -1 0 0
0100 o & -1 o0
o010 |00 % -3
0 0 0 1] o o o 1
Thus A is invertible and
M -1 0 0
o 1 -1 0
A-1 = 2 12 . O
0 O 5 —3
o 0o o0 3
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1.6.6 Exercise 6

Suppose A is a 2 x 1 matrix and that B is a 1 x 2 matrix. Prove that C = AB
is not invertible.

Proof. Let
A:B}am B=[c d
so that
coa=[ic ]

Suppose C has an inverse. Then C' is row-equivalent to the identity matrix, and
so cannot be row-equivalent to a matrix having a row of zeros. Consequently,
each of a, b, ¢, and d must be nonzero, since otherwise C would be row-equivalent
to such a matrix.

But, since a and b are nonzero, we can multiply the second row of C by a/b
to get the row-equivalent matrix

{ac ad} (1) {ac ad] (2) {ac bd]
“_> s

bcbdﬂacad 0 O

which is clearly not invertible. Therefore C' cannot have an inverse. O

1.6.7 Exercise 7

Let A be an n x n (square) matrix. Prove the following two statements:

(a) If A is invertible and AB = 0 for some n x n matrix B, then B = 0.

Proof. Since AB = 0 and A is invertible, we can multiply on the left by
A~ to get

B=A10.

But the product on the right is clearly the n x n zero matrix, so B =0. [

(b) If Aisnot invertible, then there exists an nxn matrix B such that AB =0
but B # 0.

Proof. If A is not invertible, then the homogeneous system of equations
AX = 0 has a nontrivial solution Xy. Let B be the matrix whose first
column is Xy and whose other entries are all zero, and consider the product
AB.

The entries in the first column of AB must be zero since the first column is
just AXj, and the remaining entries must be zero since all other columns
are the product of A with a zero column. Thus the proof is complete. [
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1.6.8 Exercise 8

Let
"y

Prove, using elementary row operations, that A is invertible if and only if
ad — bc # 0.

Proof. First, if A is invertible, then one of a, b, ¢, or d must be nonzero. If
a # 0, then we can reduce

b

[a b} m, ll a

c d c d

and we must have ad — be # 0 since otherwise A could not be row-equivalent to
the identity matrix, contradicting Theorem 12.

If, instead, a = 0 then we must have b ## 0 since otherwise A would have a
row of zeros and could not be row-equivalent to the identity matrix. So we can

proceed:
0 b ﬂ) 0 1 Q} c d Q) c 0
c d c d 0 1 0 1’

and we see that we must have ¢ # 0. Thus ad — bc = —bc # 0. This completes
the first half of the proof.
Conversely, assume that ad — bc # 0. If d # 0 then A can be reduced to get

a bl ) |ad bd| 2 |ad—0bc 0] (1)
— — —
c d c d

c d
1 o] @ [t 0] w 1o
c d 0 d 0 1

and A is row-equivalent to the identity matrix. On the other hand, if d = 0
then b and ¢ must be nonzero and we get

abgabﬁlOglOﬂ)lo
c 0 10 a b 0 o 0 1

so that A is again row-equivalent to the identity matrix. In either case, A must
be invertible by Theorem 12. O

1.6.9 Exercise 9

An n x n matrix A is called upper-triangular if A;; = 0 for ¢ > j, that is,
if every entry below the main diagonal is 0. Prove that an upper-triangular
(square) matrix is invertible if and only if every entry on its main diagonal is
different from 0.

Proof. Let A be an n X n upper-triangular matrix.
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First, suppose every entry on the main diagonal of A is nonzero, and consider
the homogeneous linear system AX = 0:

Anxr + Ao+ -+ Az, =0
Aggwo + -+ 4+ Aoz, =0

Annzy, = 0.

Since A, is nonzero, the last equation implies that xz, = 0. Then, since
Ap_1n—1 is nonzero, the second-to-last equation implies that x,,_; = 0. Con-
tinuing in this way, we see that x; = 0 for each i = 1,2,...,n. Therefore the

system AX = 0 has only the trivial solution, hence A is invertible.

Conversely, suppose A is invertible. Then A cannot contain any zero rows,
nor can A be row-equivalent to a matrix with a row of zeros. This implies that
Apn # 0. Consider A,,_1 n—1. If A,,—1 n—1 is zero, then by dividing row n by
Apr, and then by adding —A,;,_1 ,, times row n to row n—1, we see that A is row-
equivalent to a matrix whose (n — 1)st row is all zeros. This is a contradiction,
s0 Ap—1n—1 # 0. In the same manner, we can show that A;; # 0 for each
i =1,2,...,n. Thus all entries on the main diagonal of A are nonzero. O

1.6.11 Exercise 11

Let A be an m x n matrix. Show that by means of a finite number of elementary
row and/or column operations one can pass from A to a matrix R which is both
‘row-reduced echelon’ and ‘column-reduced echelon,” ie., R;; = 0 if ¢ # j,
Ry;=1,1<i¢<r, Rj =0if ¢« > r. Show that R = PAQ, where P is an
invertible m X m matrix and @ is an invertible n X n matrix.

Proof. By Theorem 5, A is row-equivalent to a row-reduced echelon matrix Ry.
And, by the second corollary to Theorem 12, there is an invertible m X m matrix
P such that Ry = PA.

Results that are analogous to Theorems 5 and 12 (with similar proofs) hold
for column-reduced echelon matrices, so there is a matrix R which is column-
equivalent to Ry and an invertible n X n matrix ) such that R = RyQ. Then
R = PAQ and we see that, through a finite number of elementary row and/or
column operations, A passes to a matrix R that is both row- and column-reduced
echelon. O
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Vector Spaces

2.1 Vector Spaces

2.1.1 Exercise 1

If F is a field, verify that F™ (as defined in Example 1) is a vector space over
the field F.

Proof. We need to check that addition and scalar multiplication, as defined in
Example 1, satisfy conditions (3) and (4) of the definition. Let

a=(ag,q,...,0),

= (617ﬁ27 s 7/6’”)7

and

Y= (717727 e 77%)
be arbitrary vectors in F". From the commutativity of addition in F', we have
a+fB=(@+pB1,. - ,an+b8n)=(0B1+a1,....0h+an) =8+a,

so addition is commutative in F™. Similarly, by associativity of addition in F,
we have

a+(B+7)=(a1+Br+m),. - an+ (Ba+ 7))
:((al +B1)+’Yla-~-a(an+/@n)+7n)
=(a+p)+7,

and associativity holds in F™. The unique 0 vector is
0=(0,0,...,0),
and it is clear that & + 0 = . The unique additive inverse of « is given by
—a=(—ay,—ag,...,—Qy),

and certainly « 4+ (—a) = 0. The conditions in (3) are satisfied.

27
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Now let ¢ and d be scalars in F. Then

la=(1ag,...,lay) = (a1,...,an) = @,
(cd)a = ((ed)ag,. .., (cd)ay) = (c(day), ..., c(day)) = c(da),

C(a +/B) = (C(al +ﬁ1)7‘ <. 7c(an +Bn))
= (ca1 + cf1, ..., can + cBr)
= ca + cf,

and

(c+d)a=((c+d)aq,...,(c+d)ay,)
= (cay +daq, ..., cap + day,)
=ca + da,

so the conditions in (4) are satisfied. Therefore F™ is a vector space over F'. [

2.1.2 Exercise 2
If V is a vector space over the field F, verify that

(041 =+ 042) =+ (043 + 044) = [042 + (ag + 041)] —+ g
for all vectors ay, as, asz, and a4 in V.

Proof. We only need to make use of commutativity and associativity of vector
addition:

(1 + az) + (a3 + ag) = (a2 + a1) + (a3 + as)
=g+ [aq + (a3 + aq)]
=g + [(a1 + a3) + a4]
= laz + (a1 +a3)] + oy
= [ag + (a3 + a1)] + ay. O

2.1.3 Exercise 3

If C is the field of complex numbers, which vectors in C? are linear combinations
of (1,0,—-1), (0,1,1), and (1,1,1)?

Solution. A vector a = (y1, Y2, y3) is a linear combination of (1,0, —1), (0,1, 1),
and (1,1, 1) if there are scalars 1, z2, x3 such that

Il(la 07 71) + 1'2(03 13 1) + Ig(l, 17 1) = Q,
which leads to the following system of equations:

T +x3 =1
T2+ X3 = Y2
—x1 + T2 + T3 = ys3.
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Since the coefficient matrix
1 01
A=10 1 1
-1 1 1

is row-equivalent to the identity matrix, this system of equations has a solution
for each a. Therefore, all vectors in C?® are linear combinations of the vectors
(1,0,-1), (0,1,1), and (1,1,1). O
2.1.4 Exercise 4

Let V be the set of all pairs (z,y) of real numbers, and let F' be the field of real
numbers. Define

(@, y) + (z1,51) = (2 + 21,y + y1)
co(z,y) = (cz,y).
Is V, with these operations, a vector space over the field of real numbers?

Solution. No, V' is not a vector space. Most of the conditions are satisfied, but
distributivity over scalar addition fails when y is nonzero:

(c+d)(z,y) = ((c+ d)x,y) = (cz + dz,y)
but
c(z,y) +d(z,y) = (cz,y) + (dz,y) = (cx + dz, 2y). O
2.1.5 Exercise 5
On R™, define two operations
abfB=a—p
c-a= —ca.

The operations on the right are the usual ones. Which of the axioms for a vector
space are satisfied by (R",®,-)?

Solution. Commutativity of & fails, since a— [ is not, in general, equal to 5 — .
Associativity of @ also fails since, for nonzero -,

(a=B)—v#a—-B+y=a—(B-7).

The usual zero vector still works, since a 0 = a — 0 = «. Additive inverses
also exist, but they are not the usual ones. Instead, each vector is its own
inverse, since a @a=a —a =0.

For multiplication -, it is not the case that 1-«a = « since, for nonzero «,

1-a = —1la # a. Associativity with scalar multiplication does not hold either,
since

(c12) - = —c1c0a
while

(e a)=c - (—ca) = cea.
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For the distributive properties, we have

c-(adpf)=c-(a—p)
= —c(a —p)
= —ca+cf

and

c-adc-f=—ca—(—cp)
= —ca+cf,

so the first distributive property holds. And

(c14c2) -a=—(c1+ )

= —cia — Co,
while
crrad®cer-a=—ca—(—ca)
= —Cc1a + e,

so the second distributive property fails.
To summarize, in the vector space definition, only properties (c¢) and (d) of
(3) and (c) of (4) hold. O

2.1.6 Exercise 6

Let V' be the set of all complex-valued functions f on the real line such that
(for all t in R)

f(=t) = f(©).
The bar denotes complex conjugation. Show that V', with the operations

(f+9)@) = ft)+g(t)
(cf)(t) = cf(t)

is a vector space over the field of real numbers. Give an example of a function
in V' which is not real-valued.

Solution. Commutativity and associativity of addition follow from the proper-
ties of addition in C'. Note that the zero function is in V. If f € V, then the
function — f given by

is in V since L
—f(=t) = =f(t) = =f(t) = (=F)®).
And f + (—f) is the zero function.

For scalar multiplication, we have

(1)) = f(b),
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so the first property is satisfied. And

((cd) )(8) = (ed) f(t) = e((df)(t)) = (e(df)) (D),

so the second property is satisfied. And distributivity holds, since

(c(f +9)(t) = c(f(t) + 9(t))
= cf(t) +cg(t)
= (cf) @) + (cg)(t)
= (cf +cg)(t)

and

Therefore V is a vector space over R.
For an example of a function in V', consider the function f from R to C
given by
ft) = ti.

Then f(—t) = —ti = ti = f(t) as required. O

2.1.7 Exercise 7
Let V be the set of pairs (x,y) of real numbers and let F' be the field of real
numbers. Define
(.’L’, 3/) + (55173/1) = (‘T + 1’170)
c(z,y) = (cx,0).
Is V, with these operations, a vector space?

Solution. No, V is not a vector space since la = « does not hold for all a
in V. For example, 1(1,1) = (1,0) # (1,1). V also fails to have an additive
identity. O
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CHAPTER 2. VECTOR SPACES

Subspaces

2.2.1 Exercise 1

Which of the following sets of vectors a@ = (ay,...,a,) in R™ are subspaces of
R™ (n > 3)?

(a)

all o such that a3 >0

Solution. This is not a subspace since it is not closed under scalar multi-
plication (take any negative scalar). O

all o such that a; + 3as = a3

Solution. This is a subspace: Let 8 = (b1, ba,...,b,). Then consider the
vector ca + 3. We have

(ca1 +b1) + 3(cas + bg) = c(a1 + 3az) + (b1 + 3b2)
= caz + bg.
Therefore ca + ( is in the subset, so it is a subspace by Theorem 1. [

all  such that as = a?

Solution. This is not a subspace since it is not closed under vector addi-
tion. For example, (1,1,1,...) is in the set, but the sum of this vector
with itself is not. O

all a such that ayas =0

Solution. This is not a subspace since it is not closed under vector addi-
tion. For example (1,0,...) and (0,1,...) are each in the set, but their
sum is not. O
all o such that as is rational

Solution. This is not a subspace because it is not closed under scalar

multiplication: Multiplication of any vector in the set having as # 0 by
an irrational scalar produces a vector that is not in the set. O

2.2.2 Exercise 2

Let V be the (real) vector space of all functions f from R into R. Which of the
following sets of functions are subspaces of V7

(a)

all f such that f(z?) = f(z)?
Solution. The functions f and g given by
fx)=2 and g(x)=1

each belong to this set, but their sum f 4 g does not. Therefore this is
not a subspace. O
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(b) all f such that f(0) = f(1)
Solution. Suppose f and g both belong to this set. Then

(cf +9)(0) = ¢f(0) + 9(0)
=cf(1)+9(1)
= (cf+9)(1),

so the set satisfies the subspace criterion of Theorem 1 and is thus a
subspace of V. O

(c) all f such that f(3) =1+ f(-5)

Solution. Take any f and ¢ in this set. Then
(f+9)3)=fB)+9B) =2+ (f +9)(-5),
which does not belong to the set. Therefore this set is not a subspace. [
(d) all f such that f(—1)=0
Solution. Let f and g be such functions. Then
(cf+9)(=1) =cf(=1)+9(-1) =0+0=0,
so this set is a subspace of V' by Theorem 1. O

(e) all f which are continuous

Solution. If f and g are continuous, then cf + g is also continuous, so this
is a subspace. O

2.2.3 Exercise 3
Is the vector (3,—1,0,—1) in the subspace of R® spanned by the vectors
(2,-1,3,2), (-1,1,1,—-3), and (1,1,9,—5)?

Solution. The subspace spanned by these three vectors consists of all linear
combinations

x1(2,-1,3,2) + x2(—1,1,1,-3) + 23(1,1,9, —5).
Therefore (3,—1,0,—1) is in this subspace if and only if the system of equations

200 — o+ x3=3

—r14+ 22+ x3=-—1
3$1+ $2+9’l}3:0
2.131—3.132—5%‘3:—1

has a solution. However, the augmented matrix can be row-reduced to

2 -1 1 3 1020
11 1 -1 01 30
3 1 9 o "looo1
2 -3 -5 —1 000 0

Therefore, this system of equations has no solution and the vector (3, —1,0,—1)
is not in the subspace spanned by the other three given vectors. O



34 CHAPTER 2. VECTOR SPACES
2.2.4 Exercise 4
Let W be the set of all (z1, 22, 23, 24, z5) in R® which satisfy

2r1 — l‘g-i—%l’g— T4 =0
T —|—§x3 — x5=0

9r1 — 329 + 623 — 314 — 325 = 0.

Find a finite set of vectors which spans W.

Solution. After performing the necessary elementary row operations, the coef-
ficient matrix becomes

2 -1 3 -1 0 10 20 -1
1 0 2 0 —1|l—=|01 0 1 -2
9 -3 6 -3 -3 0000 0

So, letting x3 = 3t, x4 = u, and x5 = v, we see that the elements of W have the
form

(v —2t,2v —u, 3t,u,v).

Therefore, a spanning set for W is given by the vectors

(=2,0,3,0,0), (0,-1,0,1,0), and (1,2,0,0,1). O

2.2.5 Exercise 5

Let F be a field and let n be a positive integer (n > 2). Let V be the vector
space of all n x n matrices over F. Which of the following sets of matrices A in
V are subspaces of V7

(a) all invertible A

Solution. This cannot be a subspace since the zero matrix is not invertible.
O

(b) all non-invertible A

Solution. This is also not a subspace since it is possible for the sum of two
non-invertible matrices to be invertible. For example, in the 2 x 2 case,

the matrices
1 0 nd 0 0
0o of * 0 1

are not invertible, but their sum is the identity matrix, which is invertible.
O

(c) all A such that AB = BA, where B is some fixed matrix in V
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Solution. Let A; and A be matrices in V' such that A1B = BA; and
Ao B = BA,. Then, since matrix multiplication is distributive,

(cA1 + A2)B =cA1B + AsB
=cBA; + BA,
= B(cAy) + BAs
= B(cA1 + Az).

Therefore, by Theorem 1, this set is a subspace of V. [
all A such that A2 =A

Solution. We will assume that the field F' has more than two elements.
In that case, this set cannot be a subspace since the identity matrix has
the property that I? = I, but the sum of the identity with itself does not
have this property. O

2.2.6 Exercise 6

(a)

Prove that the only subspaces of R' are R' and the zero subspace.

Proof. Suppose W is a subspace of R'. If W = {0} we are done, so
suppose W contains a nonzero element x. Then W must contain cz for
any real number c. In particular, if r is any real number, then W must
contain 7 since r = (ra~!)z. This shows that W = R!. O

Prove that a subspace of R? is R2, or the zero subspace, or consists of all
scalar multiples of some fixed vector in R2. (The last type of subspace is,
intuitively, a straight line through the origin.)

Proof. Let W be a subspace of RZ. If W = {(0,0)} we are done, so assume
W contains a nonzero vector a. Then W must contain all scalar multiples
of a.. If these are the only elements in W, then we are again finished. If,
however, W contains two nonzero elements « and § such that 8 is not a
scalar multiple of o, then we must show that W = R2.

Let o = (a1,a2) and 8 = (by,bs). Also let v = (¢1,¢2) be any element in
R2. Then 7 is a linear combination of a and 3 if and only if the system
of equations

a1 +bixe = ¢y
axx1 + baa = cy

has a solution. Suppose the coefficient matrix

a1 b1
a9 b2
is not invertible. By Exercise [1.6.8, we then know that ai1bs — asb; = 0.
Now, one of a; and as is nonzero. If a; # 0, then
by

b2 = — - Q3.
aj
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Also

bl = — - aq,
ai

and we have a contradiction since 8 was assumed to not be a scalar mul-
tiple of . Similarly ao # 0 also leads to a contradiction. This shows that
the system of equations above has a solution, so that W = R2. O]

(c) Can you describe the subspaces of R3?

Solution. The subspaces of R? are the zero subspace, the set of all scalar
multiples of a fixed nonzero vector (i.e., a line through the origin), the set
of all linear combinations of two linearly independent vectors (i.e., a plane
through the origin), and R? itself. O

2.2.7 Exercise 7

Let W7 and W5 be subspaces of a vector space V such that the set-theoretic
union of W; and W5 is also a subspace. Prove that one of the spaces W; is
contained in the other.

Proof. Let W1 and W5 be as stated, but assume that neither is contained in the

other. Then there is a vector u € Wj such that u & W5, and there is a vector

v € Wy such that v &€ Wy. Since Wy UWj is a subspace, u+v € Wy UW;. Now

either u+v € Wi or u+wv € Ws. In the first case, since —u € W; we must have
(u+v)+ (—u) =v € W,

which is a contradiction. But then v + v € W5 leads to a similar contradiction.
Therefore one of the subspaces W; must be contained in the other. O

2.2.8 Exercise 8

Let V' be the vector space of all functions from R into R; let V. be the subset
of even functions,

f(=z) = f(2);
let V, be the subset of odd functions,
f(=z) = —f(z).

(a) Prove that V. and V, are subspaces of V.

Proof. Suppose f and g are even functions. Then for any scalar c,
(cf +9)(=2) = cf(—x) + g(—x)
=cf(x) +g(x)
= (cf +9)(x),
so ¢f + g is also even and therefore V, is a subspace of V. Similarly, if f
and g are both odd functions, then
(cf +9)(—z) = cf(—x) + g(—x)
= —cf(z) —g(z)
= —(cf + g)(@),

so V, is also a subspace. O
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(b) Prove that V. +V, =V.

Proof. Let f € V be arbitrary. Let g be the function in V defined by

f(@) + f(=2)

g(x) = 5

and let h be the function given by

It is clear that g € V, and h € V. Since f(z) = g(z) + h(x) for all z, we
see that V =V, + V. O

(c) Prove that V. NV, = {0}.

Proof. Suppose f € V. NV, and fix a particular z € R. Since f is even,
f(=z) = f(z). And since f is odd, f(—x) = —f(x). Therefore we have
f(x) = —f(x), which is only possible if f(z) = 0. Since x was arbitrary, f
must be the zero function. This shows that V,.NV,, is the zero subspace. [

2.2.9 Exercise 9

Let W, and W5 be subspaces of a vector space V such that Wy + Wy =V and
Wi N Wy = {0}. Prove that for each vector « in V' there are unique vectors
in Wi and as is W5 such that o = a1 + as.

Proof. Since W7 + Wy = V| we may find o7 in Wi and as in W5 such that
a = aq+as. Now suppose there is also a3 in Wy and ay in Wy with o = az+ay.
Then

a1 + Qo :Oé3+044.

Rearranging, we get
] — Qg = Qg — Q9.

But the vector on the left-hand side must belong to W7, and the vector on the
right-hand side must belong to Wy. Therefore o1 —a3 belongs to the intersection
of Wy and Wy, which implies that a; — a3 = 0 or a3 = a3. And ay = as also.
This shows that the vectors oy and «y are unique. O
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2.3 Bases and Dimension

2.3.1 Exercise 1

Prove that if two vectors are linearly dependent, one of them is a scalar multiple
of the other.

Proof. Let a1 and as be linearly dependent vectors in the space V. Then, by
definition, there are scalars c1, ca not both zero such that

C10] + Coig = 0.
If ¢; is nonzero, then we may write

] = ——Q9
&1

so that a; is a scalar multiple of as. If ¢; = 0, then ¢o is nonzero and a similar
argument will do. O

2.3.2 Exercise 2

Are the vectors

Q] = (15 17274)v Qg = (27 717 7572)
az = (1,-1,—-4,0), a4 =(2,1,1,6)

linearly independent in R*?

Solution. Suppose c1ay + cog + c3az + cqaqy = 0. This leads to the system of
equations

c1+2c0+ c3+2c4=0
cp— c— c3+ ¢4 =0
2c1 —5cy —4c3+ ¢4 =0
4c1 + 2¢o + 6¢c4 = 0.

Using the method of elimination developed in Chapter 1, we find that this
system has the general solution

s—4t —2s—t
(61702763704): 3 7T7Sat )

where s,t € R* are arbitrary. For example, we may take s = 3 and ¢t = 0 to get
c1 =1, co =—-2,c3 =3, and ¢4 = 0. This shows that the vectors a1, as, asz, ay
are linearly dependent. O

2.3.3 Exercise 3

Find a basis for the subspace of R* spanned by the four vectors of Exercise[2.3.2
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Solution. Since asg is not a scalar multiple of aq, the set {ay,as} is linearly
independent (by Exercise [2.3.1]). We also see that it spans the subspace since
we can write

2 1
Qg = 5042 - 501
and
4 1
ay = §a1 + 5042.
So {a1,as} is a basis for the subspace. O

2.3.4 Exercise 4

Show that the vectors
ay = (170’_1)7 Qg = (1’251)7 a3 = (0, _372)

form a basis for R®. Express each of the standard basis vectors as linear com-
binations of aq, as, and as.

Solution. Since dim R? = 3, we need only show that the three vectors are inde-
pendent. Let ¢y, co, c3 be scalars such that

ciaq + e + czaz = 0.

Then we arrive at the homogeneous system of equations Ax = 0, where A is the
3 x 3 matrix whose jth column is ;. By row-reducing this matrix, we see that
it is row-equivalent to the identity matrix. Hence the system Az = 0 has only
the trivial solution, i.e. ¢; = ¢g = ¢35 = 0. Therefore {ay, a2, a3} is a basis for
R3.

To write the standard basis vectors as linear combinations of aq, as, az, we
may solve the systems Ax = ¢;. This gives

7 3 1
1 = — —_— —
(1,0,0) oMttt s

(0,1,0) = —as + oy — +
) — 50{1 50{2 50[3
3 3 1
(0,0, 1) = ——Q1 + —Qgo + — Q3. O

10 10 5)

2.3.5 Exercise 5

Find three vectors in R® which are linearly dependent, and are such that any
two of them are linearly independent.

Solution. Consider the vectors
a1 = (1,0,0), a3 =1(0,1,0), and «3=(1,1,0).

These vectors are pairwise-independent since neither is a scalar multiple of an-
other. But they are clearly linearly dependent since oy + ag — az3 = 0. O
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2.3.6 Exercise 6

Let V' be the vector space of all 2 x 2 matrices over the field F. Prove that V
has dimension 4 by exhibiting a basis for V' which has four elements.

Proof. We may simply take the standard basis:

t o] b o] [ oo ¥}

Later, in Exercise [2.3.12] we will prove that this set is a basis for V' in the more
general case where V' is the space of m X n matrices.
Since V has a basis with four elements, it has dimension 4. O

2.3.7 Exercise 7
Let V' be the vector space of Exercise 6. Let W; be the set of matrices of the

form
r -
y oz
and let W5 be the set of matrices of the form
a b
—a c|’
(a) Prove that Wy and Wy are subspaces of V.

Proof. Both sets are nonempty. Consider the arbitrary matrices

R
U1 21 Y2 22

in W7 and let ¢ be an arbitrary scalar. Then

AL+ Ay = [ca:l +axy —crp— xg] _ {cml + 9 —(cxi+ xg)]

Y1+ Y2 z1+ 22 Y1+ Y2 21 + 22

which is again in Wj. This shows that W is a subspace of V.

A similar argument will show that W5 is a subspace of V. O
(b) Find the dimensions of Wy, Wy, W7 + Ws, and Wy N Wha.
Solution. First we find bases for W7 and W5. We may take
(1 —1] [o o] [o O]
0 0] (1 0|0 1]
1 0] [o 1] [0 0]
-1 070 0|0 1]

as a basis for Wy. Consequently, we see that dim W; = dim Wy = 3.

as a basis for W7 and
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Next, observe that matrices in W7 N W5 must have the form

xr -z
7'1:‘ y °
A basis for this space is then

ol

so that dim(W;NWs5) = 2. Finally, we may apply Theorem 6 to determine

that
It follows that Wy + Wy = V. O

2.3.8 Exercise 8

Again let V' be the space of 2 x 2 matrices over F. Find a basis {A;, Ag, A3, A4}
for V' such that A? = A; for each j.

Solution. Let

1 0 0 0 1 1 0 0
a=o o) a=fo U] el o e 1]
A simple check will show that Af = A, for each j. To show that {A;, A, A3, A4}

is a basis for V', we need only show that it spans V' (since any spanning set with
four vectors must be linearly independent).

Let
B=|""Y
z w
be an arbitrary 2x2 matrix over F'. Then we can write B as a linear combination
of Ay, As, A3, A, as follows:
B=(x—y)A1 + (w —2)As + yAs + zA4.
Therefore the set {A1, A2, A3, A4} is indeed a basis for V. O

2.3.9 Exercise 9

Let V be a vector space over a subfield F' of the complex numbers. Suppose «,
B, and v are linearly independent vectors in V. Prove that (a + 8), (8 + 7),
and (v + «) are linearly independent.

Proof. Let c1, ca, and c3 be scalars in F' such that
cifa+B) +ca(B+7) +es(y+a)=0.
By rearranging, this becomes
(c1 +es)a+ (1 +c2)B+ (ca+c3)y=0.
Since a, 3, and v are linearly independent, we must have
c1+c3=0, cg+c2=0, and co+c3=0.

But this system of equations has the unique solution (¢1,cq,c3) = (0,0,0).
Therefore (o + 3), (8 + ), and (v + «) are linearly independent. O
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2.3.10 Exercise 10

Let V be a vector space over the field F. Suppose there are a finite number of
vectors aq,...,a, in V which span V. Prove that V is finite-dimensional.

Proof. We know by Theorem 4 that any independent set of vectors in V' can
have at most a finite number r of elements. Thus, if a basis exists, it must be
finite.

We can explicitly construct such a basis: if aq, ..., «, are linearly indepen-
dent, then we are done. If not, one of the vectors «; can be written in terms of
the other a;. So remove a; from the set. This will not affect the span. If the
set is now linearly independent, then we have a basis. If not, continue removing
elements that are linear combinations of the remaining vectors. This process
must eventually terminate since we started with a finite number of vectors in
the set. Consequently, a finite basis exists. O

2.3.11 Exercise 11

Let V be the set of all 2 x 2 matrices A with complex entries which satisfy
A11 + A22 =0.

(a) Show that V is a vector space over the field of real numbers, with the
usual operations of matrix addition and multiplication of a matrix by a
scalar.

Proof. Let A and B be members of V. Then
(A+ B)i1 + (A+ B)az = (A11 + A22) + (Bi1 + Ba2) =0+ 0= 0.
And for any scalar ¢ in R,
(cA)11 + (cA)ag = c(A11 + Agz) = 0 = 0.

This shows that V' is closed under matrix addition and scalar multiplica-
tion.

Next, we already know that matrix addition is commutative and associa-
tive. The zero matrix belongs to V, and for any A in V, the matrix —A
is also in V.

The remaining vector space axioms follow from the properties of matrix
addition and scalar multiplication. Therefore V is a vector space. O
(b) Find a basis for this vector space.
Solution. One basis is given by
B— 1 0 i 0 0 1f |0 4| |0 Ol |0 O
10 —=1]10 —¢|’|0 O0f’]|0 oO|’|1 O | O|["

It is fairly straightforward to check that B both spans V and is linearly
independent. O
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(c) Let W be the set of all matrices A in V such that Ay; = —A;5 (the bar
denotes complex conjugation). Prove that W is a subspace of V' and find
a basis for W.

Solution. First, the zero matrix belongs to W so W is nonempty. Now for
any A and B in V and ¢ in R, consider the matrix cA + B. We must have

(CA —+ B)Ql = CA21 + B21 = —Czlg — Elg = —(CA =+ B)12'
This shows that W is a subspace of V. A basis for W is given by

1 O 7 0 0 1 0 ¢
(Y Pt B R B P -
2.3.12 Exercise 12

Prove that the space of all m x n matrices over the field F' has dimension mn,
by exhibiting a basis for this space.

Proof. Let F™*™ denote the space of m X n matrices over F'.

For each ¢ and j with 1 <4 < m and 1 < j < n, let ¢;; denote the m x n
matrix over F' whose ijth entry is 1, with all other entries 0. Let B denote the
set of all ;;. We will show that B is a basis for F*", so that the dimension of
this space is mn.

First, let

m n
A= Z Z Cij€ij,
i=1 j=1
where each ¢;; is an arbitrary scalar in F'. Then A is the matrix whose ijth entry
is ¢;;. By choosing these scalars appropriately, we see that any m x n matrix
over F' can be written as a linear combination of the matrices in B. Therefore
B spans F™*™,

Moreover, A = 0 if and only if each ¢;; = 0, so B is linearly independent.
This shows that B is a basis for F™*". O

2.3.13 Exercise 13

Discuss Exercise [2.3.9] when V is a vector space over the field with two elements
described in Exercise [[.2.5

Solution. In Exercise 2.3.9] it was stated that the field F should be a subfield
of the complex numbers (in particular, a field with characteristic 0). When this
restriction is taken away, the result does not necessarily hold, as we will now
demonstrate.

Let V be the vector space F3, where F is the field with 2 elements. Let
a=(1,0,0), 8=1(0,1,0), and v = (0,0,1). We see that «, 8, and v are linearly
independent (in fact they form the standard basis of F?3).

Now consider the vectors

a+p=(1,1,0), B+~v=(0,1,1), and ~v+a=(1,0,1).
These are not linearly independent, since
(1,1,0) +(0,1,1) + (1,0,1) = (0,0,0).
So the result from Exercise does not hold in this more general setting. [
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2.3.14 Exercise 14

Let V be the set of real numbers. Regard V as a vector space over the field of
rational numbers, with the usual operations. Prove that this vector space is not
finite-dimensional.

Proof. Assume the contrary, and let {z1,22,...,2,} be a finite basis for V.
Then every real number can be expressed as a linear combination

€11 + C2Ty + - -+ CrTy,

where cq, ..., ¢, are rational numbers. Thus we can establish a one-to-one cor-
respondence between the n-tuples of rational numbers and the set of real num-
bers. Since the rational numbers are countable, this implies that the reals are
also countable. But this is clearly a contradiction. Therefore V' is not finite-
dimensional. O
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2.4 Coordinates

2.4.1 Exercise 1

Show that the vectors

a1 = (1’ 1a050)7 Qo = (0,0, 1, 1)
ag = (1707074)7 Q4 = (0,0,0,2)

form a basis for R*. Find the coordinates of each of the standard basis vectors
in the ordered basis {a1, ag, a3, ay}.

Solution. Let

1 01 0

1 0 0 O

P= 01 0 0

01 4 2

P is invertible and has inverse

0 1 0 O
-1_ 160 0 1 0
P = 1 -1 0 O
2 2 -} 4

By Theorem 8, {a1,as, a3, a4} is a basis for R*. Moreover, the jth column of
P~ gives the coordinates of the standard basis vector €; in the ordered basis
{a1, a2, a3, a4} O

2.4.2 Exercise 2

Find the coordinate matrix of the vector (1,0, 1) in the basis of C3 consisting
of the vectors (24,1,0), (2,—1,1), (0,1 44,1 — %), in that order.

Solution. Let

2t 2 0
P=|1 -1 1+i
0 1 1-4
Then
i-3i - -1
pl=| -4 -1
—i-i—iz %—i—%z 1
Since
q (3% - - [k
—1 1 - . 1-
P 0| = —5i -1 1 0] = 51 )
1 ~i4ti t4dio1 ) U 34+l

the vector (1,0,1) has coordinates (—3 —
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2.4.3 Exercise 3
Let B = {a1,az, a3} be the ordered basis for R? consisting of
a1 =(1,0,-1), as=1(1,1,1) a3=(1,0,0).

What are the coordinates of the vector (a, b, ¢) in the ordered basis B?

Solution. Let

1 1 1
P=]10 1 0
-1 1 0
Then
0o 1 -1
Pt=10 1 0
1 -2 1
and
a 0 1 -1 |a b—c
Ptlpl =10 1 0] |b]= b
c 1 -2 1 c a—2b+c
So (a, b, ¢) has coordinates (b — ¢,b,a — 2b + ¢) in the ordered basis B. O

2.4.4 Exercise 4
Let W be the subspace of C® spanned by a; = (1,0,4) and ap = (1 +4,1,—1).

(a) Show that ay and ag form a basis for W.

Solution. Since neither a; nor as is a scalar multiple of the other, the set
{a1, s} is linearly independent. Hence this set is a basis for W. O

(b) Show that the vectors 8; = (1,1,0) and 82 = (1,4,1 4 4) are in W and
form another basis for W.

Solution. If ¢1(1,0,7) + c2(1 + 4,1, —1) = (1,1,0), then equating coordi-
nates and solving the resulting system gives ¢; = —i and ¢, = 1. Therefore
f1 is in W and its coordinates in {ay, e} are (—i,1).

In a similar way, we can determine that 35 is in W and has coordinates
(2 —4,1) in the given basis.

Neither 8; nor B2 is a scalar multiple of the other, so the set {81, 32} is
linearly independent. Since W has dimension 2, the set {81, 82} is also a
basis for . O

(¢) What are the coordinates of ay and a in the ordered basis {81, 52} for
w?
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Solution. From the coordinates for §; and [y that we found previously,
we get the transition matrix

1 1. 3 1
p1_ |22t 2t3!
1 1. 1 )
33t —3t gt
SO
1 1 1
a1—(2—2i)ﬁ1+(2+l>52
and

2.4.6 Exercise 6

Let V be the vector space over the complex numbers of all functions from R into
C, i.e., the space of all complex-valued functions on the real line. Let fi(x) =1,

fo(x) = €, fy(x) = e7".
(a) Prove that f1, f2, and f3 are linearly independent.

Proof. Let c¢1, ca, and c3 be complex numbers such that

c1fi(z) + cafa(z) +eafa(z) =0

for all z in R. Then , _
c1 + e’ + cze” ™ = 0.

Using Euler’s formula, we can write
c1 + ca(cosz +isinz) 4 cg(cosz —isinz) =0
or, rearranging,
c1+ (2 +c¢3)cosx + (e — c3)isinz = 0. (2.1)

If x = 0, then
c1+co+c3 =0, (2.2)

while if z = 7 we get
Cl —Cy —C3 = 0. (23)

Equations (2.2)) and (2.3]) together imply that ¢; = 0.
Next, letting = 7/2 in (2.1), we get

(02 — Cg)i = O, (24)
which implies that ¢ = ¢3. Equation (2.2]) then implies that co = ¢z = 0.

Since it is necessary that ¢; = co = ¢3 = 0, it follows that {f1, f2, f3} is a
linearly independent set. O
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(b) Let g1(z) =1, g2(x) = cosz, g3(z) = sinz. Find an invertible 3 x 3 matrix
P such that s
95 = Z Py fi-
i=1

Solution. First, we have g1 = f;. Next, since
fa(x) + f3(x) = (cosz + isinz) + (cosx — isinx) = 2cos z,
we have g = %fg + %fg. And since

fa(z) — f3(x) = 2isinez,

we see that g3 = —%i fo+ %z f3. Therefore the desired matrix is
1 0 O
_ 1 1,
P=10 5 —§’L 5
11,
0 5 El
and this matrix is invertible. O

2.4.7 Exercise 7

Let V be the (real) vector space of all polynomial functions from R into R of
degree 2 or less, i.e., the space of all functions f of the form

f(@) = co+ 12 + caa®.
Let t be a fixed real number and define
g(x)=1, g@)=x+t, g3(z)=(z+1)%
Prove that B = {g1, 92,93} is a basis for V. If
fl@)=co+ iz + cox?
what are the coordinates of f in this ordered basis B?
Solution. Let
A=a+blx+1t)+clx+1t)> = (a+bt+ct?) + (b4 2ct)r + ca?,

where a, b, ¢ are real numbers. First, if A = 0 then, by equating coefficients, we
have

a+bt+ct? =0,
b+ 2ct =0,
c=0.

Working backward through the equations, we see that a, b, and ¢ must all be 0.
This shows that B is linearly independent.
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If we now set A = cg + c1z + co2?, where ¢, ¢a, c3 are arbitrary, and equate
coeflicients, we get

a+ bt + ct? = ¢,
b+ 2ct = cq,

C = Ca.
Through back-substitution, we find that
b=1c, —2tcs and a=co— tey + t2co.

This shows that any polynomial of degree 2 or less can be written as a linear
combination of g1, g2, and g3. B is therefore a basis for V.
Moreover, we have also shown that the polynomial f(x) = co + c12 + co2?
has coordinates
(CO — tCl + t262, C1 — QtCQ, CQ)

in the ordered basis {g1, g2, 93} O
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2.6 Computations Concerning Subspaces

2.6.1 Exercise 1

Let s < n and A an s X n matrix with entries in the field F'. Use Theorem 4
(not its proof) to show that there is a non-zero X in F™*! such that AX = 0.

Proof. Let ay,...,«a, denote the columns of A. Then each «; is a member of
the vector space F'*, which has dimension strictly less than n. Therefore, by
Theorem 4, the a; are necessarily linearly dependent. Thus we can write

ciay + o + -+ e, =0

for ¢1,...,¢, in F not all 0. If we let
C1
C2
X = ,
Cn
then AX = 0 as required. O

2.6.2 Exercise 2

Let
ar = (1,1,-2,1), as=(3,0,4,-1), az=(-1,2,5,2).

Let
Q= (47 75797 77)7 B: (3a157474)a Y= (71717071)

(a) Which of the vectors «, 3, v are in the subspace of R* spanned by the a;?

Solution. Let A be the 3 x 4 matrix whose ith row is «;. By performing
row reduction on A, we get

11 -2 1 100 —3/13
3.0 4 -1 =0 1 0 14/13
-1 2 5 2 00 1 —1/13

A vector p is in the row space of A if and only if

3 14 1
p = C101 + Coip + c3tuz = (cl,cz,c;),, _E61 + ﬁCQ - 1303) .
Checking each of «, B, and ~, we see that only « is in the row space.
So « is in the subspace spanned by the «;, while 8 and ~ are not in the
subspace. O]

ich of the vectors «, [, v are in the subspace o spanned by the «;?
b) Which of th I} in th b f C4 d by th ?

Solution. Our work above is still valid in C*. aq, as, and a3 will span
a larger subspace due to the scalars being taken from C' instead of R,
but the members of this subspace will still have the same form as before.
Thus, of the three vectors «, 8, and ~, only « is in the subspace. O
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(¢) Does this suggest a theorem?

Solution. This suggests the following theorem: let F' be a subfield of the
field E. Let « be a vector in F™, and let (3q,...,08, in F™ span some
subspace. Then « is in this subspace of F" if and only if it is in the
subspace of E™ spanned by the same vectors f3;. O

2.6.3 Exercise 3

Consider the vectors in R* defined by
ay = (71’07172% Qg = (3747 7275)7 a3 = (1a4a0,9)

Find a system of homogeneous linear equations for which the space of solutions
is exactly the subspace of R* spanned by the three given vectors.

Solution. Let A be the 3 x 4 matrix whose ith row is «;. We can perform
row-reduction on A to get

10 -1 -2
R=10 1 § 4
00 0 0

Then a vector p in R* is in the row space of A if and only if it has the form

_ 1 11 9
p= 7“177“2,47“2 7”1747“2 1],

where 71 and 79 are real numbers. If we label the components of p as
P = (:Cla xo,T3, .174),

then we get the following system of equations:

1
Tr3 = 4.1‘2 T
11
Ty = ZJ?Q — 25[71.

Or, we can rearrange these equations to write

1

r1 — 1362 + x3 =0
11

2rx1 — Zl‘z + x4 =0.

This system of equations is homogeneous and its solution set is precisely the
subspace spanned by a1, as, and as. O
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2.6.4 Exercise 4
In C3, let
a; =(1,0,—4), ar=(14+141-14,1), az=(4,4,1).
Prove that these vectors form a basis for C3. What are the coordinates of the
vector (a,b,¢) in this basis?
Solution. Let
1 0 —i
A= |1+4¢ 1—7¢ 1
By performing row-reduction, one can verify that A is row-equivalent to the
identity matrix. So A has rank 3 and a1, as, and ag are linearly independent
and span C?, as required to be a basis.
Let the coordinates of (a,b,c) in this basis be (z,y,z). This leads to the
following system of equations.
x4+ (1+i)y+iz=a
I-dy+iz=10
—iT + y+iz=c.

With a bit of effort, one may determine this system to have the solution

a+b—2c 4c—2a—2b ;
x 5 T 5 ¢
y| = a+l)5—2c + 3b—2a—ci . O
z

5
3a—2b—c a+b+3ci
5 5

2.6.5 Exercise 5
Give an explicit description for the vectors

B = (b1, b2,b3,b4,b5)
in R® which are linear combinations of the vectors

ap = (17072717_]—)7 Qo = (_1727 _47270)
as=(2,-1,5,2,1), as=(21,3,52).

Solution. Performing row-reduction on the augmented matrix

1 -1 2 2 b
0 2 -1 1 b
A=|2 -4 5 3 by
1 2 2 5 b
1 0 1 2 by

produces

2by + 3by — gbs — b5

A

%b4 —2by — gbg — %b5

3b1 + 3by — 2by + $bs
b3 + by — 2by

=

I
o o o o =
o o o~ o
o o~ o o
o~ o o o
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Thus we see that 8 = (b1, b, bs, bg, bs) is in the subspace spanned by a1, as,
as, ayq if and only if bg + by — 2b; = 0. For any such 3, we have

1

2 1 1 7 5 3 1
g = (351 + 502 — gba— 2b5> ar + (6b4 - gbl — 52— 2b5> )

6

3 ) 1 4 3 5)
+ (2b4 =201 — §b2 - 255> Qg + <3b1 + §b2 - =

1
6b4 + 2b5) Qy.

O

2.6.6 Exercise 6

Let V be the real vector space spanned by the rows of the matrix

(a)

3 21 0 9 0
1 7 -1 -2 -1
2 14 0 6 1
6 42 -1 13 O

A:

Find a basis for V.

Solution. If we perform row-reduction on the matrix A, we get the row-
reduced echelon matrix

1 70 30
001 50
R= 0 00 01
000 0O
The three nonzero rows pi, p2, and ps of R form a basis for V. O

Tell which vectors (z1, 22, 3, 24, 25) are elements of V.

Solution. If we take linear combinations of p1, ps, and p3, we can see that
the vector (x1,x2,x3, x4, x5) is in V if and only if

ro =7x7 and x4 =3z + bxs. O]

If (1,9, 23,24,25) is in V what are its coordinates in the basis chosen
in part (a)?

Solution. Let x = (x1, x2, x3, 24, 25) be in V. If

T = c1p1 + cap2 + C3p3,

then we get the following system of equations:

C1 = T1
701 = T2
Cy = I3

301 + 502 = T4

C3 = I5.

We see that x has coordinates (z1,x3,z5) in the basis {p1, p2, p3}. O]
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2.6.7 Exercise 7

Let A be an m X n matrix over the field F', and consider the system of equations
AX =Y. Prove that this system of equations has a solution if and only if the
row rank of A is equal to the row rank of the augmented matrix of the system.

Proof. Let R be the row-reduced echelon matrix that is row-equivalent to A.
Form the augmented matrix A’ and let R’ be the row-reduced echelon matrix
row-equivalent to A’. Then the nonzero rows of R form a basis for the row space
of A, and the nonzero rows of R’ form a basis for the row space of A’. We want
to show that these bases have the same number of elements.

By the nature of the process of row reduction, it must be that the first n
columns of R’ will be identical to the n columns of R. Consequently, R’ cannot
have fewer nonzero rows than R, as any nonzero row of R must correspond to a
nonzero row in R’. However, it might be possible for R’ to have more nonzero
rows than R. Such nonzero rows would need to have zeros in every column
except the last. But then such a row would indicate that the system AX =Y
has no solutions, which we know to be false. Therefore A and A’ have the same
row rank.

Now let us consider the converse. Let R and R’ be as before, and suppose
that the row ranks of A and A’ are equal. If AX =Y has no solutions, then R’
would necessarily have a row consisting of zeros in every column but the last.
But then the corresponding row in R would have only zero entries, resulting in
R’ having a larger row rank than R. This is impossible, so AX =Y must have
a solution. O



Chapter 3

Linear Transformations

3.1 Linear Transformations

3.1.1 Exercise 1

Which of the following functions T from R? into R? are linear transformations?

(a) T($1,1‘2) = (1 +$1,$2);

Solution. T cannot be a linear transformation since

(b) T(x1,72) = (w2, 21);

Solution. T is a linear transformation: let ¢ be a scalar and let o = (1, 2:2)
and 8 = (y1,92). Then

T(ca+ B) =T(cr1 + y1,cr2 + Y2)
= (cz2 + Y2, cx1 + Y1)
= (72, 71) + (Y2, Y1)
=cT'(a) +T(B). H

(¢) T(x1,22) = (a3, 22);
Solution. T is not a linear transformation. For example,

T(1,0) + T(2,0) = (1,0) + (4,0) = (5,0)

but
T((1,0) + (2,0)) =T(3,0) = (9,0). O

(d) T(z1,22) = (sinzy,x2);

%)
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Solution. T is not a linear transformation since

T (g,o) 4T (g,o) = (1,0) + (1,0) = (2,0)

while

T((gao>+(g,0)) — T(x,0) = (0,0). 0
(e) T(x1,22) = (1 — x2,0).

Solution. Let a = (z1,22) and 8 = (y1,y2). Since

T'(a) +T(B) = c(z1 — 22,0) + (y1 — ¥2,0)
(cx1 — cxa + y1 — y2,0)
((cx1 +y1) — (cx2 + 92),0)
(cx1 + y1,cxa + y2)

(ca+ B),

T
T
we see that T is a linear transformation. O

3.1.2 Exercise 2

Find the range, rank, null space, and nullity for the zero transformation and
the identity transformation on a finite-dimensional space V.

Solution. Let V be a vector space of finite dimension n, let T: V' — V be the
zero transformation, and let U: V' — V be the identity transformation.

Then the range of T is clearly the set consisting of the zero vector alone,
and the null space is V itself. The rank of T is then 0 (the zero subspace has
the empty set as a basis) and the nullity of T is n.

For the identity transformation U, we see that the range is all of V', while
the null space is the zero subspace {0}. Then the rank of U is n and the nullity
of U is 0.

Note that in each case, the rank plus the nullity is n, in agreement with
Theorem 2. O

3.1.3 Exercise 3

Describe the range and the null space for the differentiation transformation of
Example 2. Do the same for the integration transformation of Example 5.

Solution. Let V be the space of polynomial functions from F into F' and let D
be the differentiation transformation. Given a polynomial

f@)=cot+eaz+- -+t

we can always find another polynomial g(z) such that (Dg)(x) = f(z), namely
the polynomial

1 1
g(!E) = cox + 561(52 4+ 4 k+ 1Ck.’L'k+1,
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Therefore the range of D is V.
A function f has zero derivative if and only if f is constant,

f(x) =cp, for some ¢g in F.

So the null space of D is the space of constant functions.

Now, let T be the integration transformation defined in Example 5. We can
integrate any polynomial to get another polynomial, but because of the manner
in which T was defined, the resulting polynomial will always have a constant
term of 0. Let f be a polynomial with constant term zero,

fx)=cz+cox? +---+ cp®.

Then the function g(x) = (D f)(x) is such that (T'g)(x) = f(x). So we see that
the range of T is the space of polynomials with zero constant term.

Lastly, if f is a polynomial such that (T f)(z) = 0, then f must be the zero
polynomial. The null space of T is therefore the trivial subspace {0}. O

3.1.4 Exercise 4

Is there a linear transformation 7" from R? into R? such that T'(1,—1,1) = (1,0)
and T(1,1,1) = (0,1)?

Solution. Yes. In fact, there are infinitely many such transformations, as we
will now show.

Let « = (1,—1,1) and let 8 = (1,1,1). Since neither a nor 8 is a multiple of
the other, the set {«, 8} is linearly independent. Therefore it can be extended to
a basis for R3. The existence of a linear transformation 7" such that T'(a) = (1,0)
and T'(5) = (0,1) now follows from Theorem 1.

To find such a transformation explicitly, we will form a basis for R3. If we
let v = (1,0, 0), for example, it is not difficult to show that {«, 5,~} is a linearly
independent set of vectors which spans R>.

We want to be able to write a vector p = (b1, ba, b3) as a linear combination
of a, B, and . To do this, we will set up an augmented matrix and perform
row-reduction, as we have done before in Chapter 2:

1 11 y 10 0 3y3— 302
—1 1 0 w|—= |0 1 0 iy+1iys
L Owl Joo1 yp-us

So we may write
1 1
p = (b1,b2,b3) = 5(3)3 —ba)a + 5(1)2 +03)B + (b1 — b3)7.

Now suppose the transformation 7" is such that T'(y) = (z1, z2), for some x4
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and x5 in R. Then we have
T(by,babs) = T (;(bg ~b2)a+ 5 (ba +b5)B+ (b bm)
1 1
= 5(173 = b2)T () + §(b2 +b3)T(B) + (b — b3)T'(7)
= %(53 — b2,0) + %(07 bo + b3) + (z1b1 — x1b3, xab1 — T2b3)
= %(23:1171 — by + (1 — 221)bs, 229b1 + ba + (1 — 2x2)b3).
So, for example, taking (z1,x2) = (%, %), we get
T(by,bs,b3) = (;bl - %bz, %bl + ;b2> .

By picking different values for x; and x4, we see that there are infinitely many
possibilities for T O

3.1.5 Exercise 5

If
@y = (17_1)7 B = (150)
Qo = (2, _1)7 ﬁQ = (Oa 1)
a3 = (—372), ﬂg = (1, 1)

is there a linear transformation T from R? into R? such that Ta; = 3; for i = 1,
2, and 37

Solution. No. To see why, observe that

(7372) = 7(17 71) - (27 *1)'

We have
T(—a; —ag) =(1,1)
but
—T(ay) — T(az) = —(1,0) — (0,1) = (=1, -1).
So T cannot be a linear transformation. O

3.1.6 Exercise 6
Describe explicitly the linear transformation T from F? into F? such that
Ter = (a,b), Tex = (c,d).
Solution. For any (x1,12) in F2, we have
T(x1,22) = T(z1€61 + x2€2)
=x1T(€e1) + 22T (€2)

= z1(a,b) + z2(c,d)
= (z1a + z2¢, 21b + x2d). O
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3.1.7 Exercise 7

Let F be a subfield of the complex numbers and let T be the function from F?
into F? defined by

T(xl,xg,xg) = (xl — X9 + 2£E3, 2!E1 + T2, —T1 — 2{E2 + 2%3)

(a) Verify that T is a linear transformation.

Solution. Let a = (w1, 22, 23) and 8 = (y1,¥y2,¥y3). Also for z in F3, let
m1(x) denote the first coordinate of x, m(x) the second coordinate, and
m3(x) the third coordinate. Then

m(cT () + T(B)) = c(x1 — 22 + 2x3) + (y1 — Y2 + 2y3)
= (cz1 +y1) — (cx2 + y2) + 2(cz3 + y3)
=m(T(ca+ p))
ma(cT (o) + T(B)) = c(2z1 + 22)
=2(ex1 +y1)
=mo(T(ca+

~—

(2y1 + y2)
(cxa + y2)

+ +

~—

),

and

m3(cT (@) + T(B)) = c(—x1 — 229 + 2x3) + (—y1 — 2y2 + 2y3)
= —(cx1 + 1) — 2(cx2 + y2) + 2(cx3 + y3)
= m3(T'(ca + B)).

This shows that T is a linear transformation. O

(b) If (a,b,c) is a vector in F3, what are the conditions on a, b, and ¢ that
the vector be in the range of 77 What is the rank of 77

Solution. If (a,b,c) is in the range of T, then

T — To+2x3=a
2x1 + 9 =b

—x1 — 219 + 223 = cC.

In performing row-reduction on the augmented matrix for the above sys-
tem, we get

1 -1 2 a 10 3 ga+tgd
4 2 1
-1 -2 2 ¢ 00 0 —a+tbte

From this latter matrix, we see that this system of equations has a solution
if and only if
—a+b+c=0.
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We also see that the coefficient matrix

1 -1 2
A= 2 1 0
-1 -2 2

has a row rank (and thus column rank) of 2. But the column space of A
is precisely the range of T', so we may conclude that 7" has rank 2. O

(¢) What are the conditions on a, b, and ¢ that (a,b,c) be in the null space
of T?7 What is the nullity of 17

Solution. (a,b,c) is in the null space of T if and only if

a— b+2c=0
2a + b =0
—a—2b+2¢c=0.

We have already seen above that the coeflicient matrix reduces to
2] [ 0 3
oy = (0 1 -
2 00 0

1 —
2 1
-1 -2

1

QW

So (a, b, ¢) is in the null space if and only if a+2¢/3 = 0 and b—4¢/3 = 0.

Letting ¢ = —3, for example, we find one possible basis for the null space
of T to be {(2,—4,—3)}. We see that the nullity of T is therefore 1, which
is as we should expect since F'® has dimension 3 and the rank of T is 2. O

3.1.8 Exercise 8

Describe explicitly a linear transformation from R? into R? which has as its
range the subspace spanned by (1,0,—1) and (1,2, 2).

Solution. Let {e1, €2, €3} denote the standard ordered basis for R3. Theorem 1
allows us to find infinitely many linear transformations satisfying the given
criterion. For example, we may take some linear combination of the two given
vectors, say (2,2,1), and then look for a linear transformation T such that

Ter = (1,0,—1), Ter=(1,2,2), and Tez = (2,2,1).
Evidently, the transformation
T(x1,22,23) = (x1 + 2 + 223, 209 + 223, —21 + 2T + X3)
does the job. The range of T is precisely the subspace of R? spanned by (1,0, —1)

and (1,2, 2). Of course, as noted, there are infinitely many other transformations
that would work. O
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3.1.9 Exercise 9

Let V be the vector space of all n x n matrices over the field F', and let B be a
fixed n x n matrix. If

T(A) = AB — BA

verify that T is a linear transformation from V into V.

Proof. Let A; and Ay be members of V' and let ¢ be a scalar in F'. Using the
ordinary properties of matrix addition and multiplication, we have

CT(Al) + T(AQ) = C(AlB - BAl) + (AQB — BA2)
= (CAl + AQ)B - B(CAl + Ag)
= T(CA1 + AQ)

Therefore T is a linear transformation from V into V. O

3.1.10 Exercise 10

Let V be the set of all complex numbers regarded as a vector space over the
field of real numbers (usual operations). Find a function from V' into V' which
is a linear transformation on the above vector space, but which is not a linear
transformation on C', i.e., which is not complex linear.

Solution. Define T'(a + bi) = a. Then for any real number ¢ and any complex
numbers z = ay + b1i and w = as + bai, we have

cT(z) + T(w) = cay + ag = T(cz + w),
so T is a linear transformation from V into V. However,
T(1)=i#£0=T(),

so T is not linear on C. 0

3.1.11 Exercise 11

Let V be the space of n x 1 matrices over F' and let W be the space of m x 1
matrices over F. Let A be a fixed m x n matrix over F' and let T be the linear
transformation from V into W defined by T(X) = AX. Prove that T is the
zero transformation if and only if A is the zero matrix.

Proof. First suppose that T is the zero transformation. Then AX = 0 for all X
in V. In particular, let X = ¢;, where ¢; is the column vector whose jth entry
is 1 and all other entries zero. Then AX = 0 implies that the jth column of A
has only zero entries. Since this is true for all j with 1 < j < n, we see that A
is the m x n zero matrix.

Conversely, let A be the zero matrix. Then AX = 0 for all X so T is clearly
the zero transformation. O
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3.1.12 Exercise 12

Let V be an n-dimensional vector space over the field F' and let T be a linear
transformation from V into V such that the range and null space of T are
identical. Prove that n is even. (Can you give an example of such a linear
transformation 7'7)

Solution. This result follows directly from Theorem 2: if the rank of T is k,
then the nullity is also k£ and we have

k+k=n,

or n = 2k. Hence n is even.
As an example, let V = R? and consider the linear transformation 7' given
by
T(x,y) = (y,0).

Since

cl(z1,y1) + T(x2,y2) = c¢(y1,0) + (y2,0)
= (Cyl +y270)
=T(c(x1,y1) + (22, 92)),

T is a linear transformation. And both the range and the null space of T is the
T-axis. O

3.1.13 Exercise 13

Let V be a vector space and T a linear transformation from V into V. Prove
that the following two statements about T are equivalent.

(a) The intersection of the range of T and the null space of T is the zero
subspace of V.

(b) If T(Ta) =0, then Tar = 0.

Proof. Assume that[(a)]is true. If T(T'a) = 0, then Tov belongs to the null space
of T. But T« is also in the range of T', so Ta = 0 by assumption.

Conversely, assume that @ holds. Let g8 belong to the intersection of the
range of T' with the null space of T. Then T(S) = 0 and there is some « in V
such that T'(a) = 5. Then T(T«) = T(f) = 0, so that Ta = 0 by assumption.
But Ta = 3, so 8 = 0. Therefore the specified intersection is the zero subspace
and @ holds. O
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3.2 The Algebra of Linear Transformations

3.2.1 Exercise 1
Let T and U be the linear operators on R? defined by

T(z1,22) = (x9,21) and U(x1,x2) = (21,0).

(a) How would you describe T' and U geometrically?

63

Solution. T mirrors points across the line y = x. U projects points onto

the z-axis.

O

(b) Give rules like the ones defining T and U for each of the transformations

(U+T),UT, TU, T?, U2.

Solution. We have

(U+T)(x1,22) = (1 + 22, 21),
UT(x1,x2) = (z2,0),
TU(2z1,22) = (0,21),
T?(x1,29) = (1, 72),

and

3.2.2 Exercise 2

Let T be the (unique) linear operator on C* for which
Tey = (1,0,i), Tes=(0,1,1), Tes = (i,1,0).
Is T invertible?
Solution. Let o = (21,22, 23) be a vector in C? such that Ta = 0. Then

z1(1,0,4) 4+ 22(0,1,1) + 23(¢, 1,0) = (0,0,0),

or
21 + 231 =0
29 + zZ3 = 0
Zli+2’2 =0.

This system of equations has infinitely many solutions, each of the form

(217 22, 23) = (_tla _t7 t)

Therefore the null space of T' is not {0}, so T is singular and not invertible.
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3.2.3 Exercise 3
Let T be the linear operator on R? defined by

T(x1, 2, 23) = (321,21 — T2,2x1 + T2 + 3).
Is T invertible? If so, find a rule for T~ like the one which defines 7.
Solution. It is not difficult to see that T is non-singular since
T(x1,22,23) = (0,0,0) if and only if x; =9 =23 =0.

By Theorem 9, T is invertible.
Let a = (y1,¥2,¥3) in R? be such that Ta = (1, 22, 73). Then

3y1 =1
Y1 — Y2 = T2

2y1 + Y2 + Y3 = 3.

We see that this system of equations has the unique solution

11
(y1,v2,¥3) = 371,301~ T2, T3 ~ T1+ 22 )

So we have

_ 1 1
T Y1, 0,73) = <31‘1, 371 T T2, T3~ T +$2> . 0

3.2.4 Exercise 4
For the linear operator T' of Exercise prove that

(T? — I)(T - 31) = 0.
Proof. We have

T2(.’E1,£L'2,ZL'3) = T(3{E1,"E1 — 5C2,2£L’1 + T2 +.’E3)
= (9I1,2I1 —|—I2,91‘1 + 3'4‘3)7

S0
(T2 — I)(x1, 29, 23) = (8x1, 21, 8x1).
Also,
(T - 3[)(%1,1‘2,1’3) == (0,1’1 - 41’2, 2(E1 + xo — 2x3)
Consequently,

(T2 — I)(T— 3])(331,1‘2,333) = (T2 — I)(O,l‘l —4xy, 221 + 29 — 2$3)
= (070,0).

Therefore (T2 — I)(T — 31) = 0. O
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3.2.5 Exercise 5

Let C?*2 be the complex vector space of 2 x 2 matrices with complex entries.

Let
1 -1
o= 3]
and let T' be the linear operator on C?*2 defined by T(A) = BA. What is the
rank of 7? Can you describe T2?

Solution. Let

a b
a=[td
be a matrix in C?*2. Then
a—c b—d
T(4) = BA= {—4&—#40 —4b+4d} '

We see that T'(A) = 0 if and only if both @ = ¢ and b = d. Consequently, a
basis for the null space of T is

o o o]y

Therefore the nullity of T is 2. By Theorem 2, the rank of T is 4 — 2 = 2.

Since
s | 5 =5 _ 1 -1
5= [20 20} =5 {4 4} =55,

we see that T?(A) = 5BA = 5T(A). O

3.2.6 Exercise 6

Let T be a linear transformation from R? into R?, and let U be a linear trans-
formation from R? into R3. Prove that the transformation UT is not invertible.
Generalize the theorem.

Solution. We will state and prove the more general result directly. Let V' and
W be finite-dimensional vector spaces over the same field F', and suppose that
dimV > dimW. Let T be a linear transformation from V into W and let U
be a linear transformation from W into V. Then the transformation UT is not
invertible, as we will now show.

First, since the rank of 7" is at most dim W < dimV, it follows that the
nullity of T is greater than 0. Thus 7" is not one to one, and there are distinct
vectors o and 8 in V such that Ta = T'S. Then we have

UT(a = B) =U(T(e) = T(B)) = U(0) =0,

so UT is not one to one. This shows that UT is not invertible. O
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3.2.7 Exercise 7
Find two linear operators T and U on R? such that TU = 0 but UT # 0.
Solution. Let T and U be given by
T(x1,22) = (1,0) and U(xy,x2) = (0,21).
Then TU (21, 22) = T(0,21) = (0,0) as required. We also have UT # 0 since
UT(1,1) = U(1,0) = (0,1) # (0,0). O

3.2.8 Exercise 8

Let V be a vector space over the field F and T a linear operator on V. If T2 = 0,
what can you say about the relation of the range of T" to the null space of T'?
Give an example of a linear operator 7' on R? such that T2 = 0 but T # 0.

Solution. Let B be in the range of T'. Then there is an « in V such that Ta = 3.
But then
T8 =T(Ta)=T?*(a) =0,

so [ is in the null space of T. This shows that the range of T is contained in
the null space of T'.
On R?, define T by
T(Il,l‘g) = (IQ,O).

Then
TQ(,’El, 3?2) = T(Q?g, 0) = (070),

soT? =0but T #0. O

3.2.9 Exercise 9

Let T be a linear operator on the finite-dimensional space V. Suppose there
is a linear operator U on V such that TU = I. Prove that T is invertible
and U = T~'. Give an example which shows that this is false when V is not
finite-dimensional.

Solution. Let a be in the null space of U, i.e., let Ua = 0. Then
TU(a) =T(Ua) =T(0) =0.

Thus « is in the null space of TU. But TU = I, so this implies that o = 0.
This shows that U is non-singular. By Theorem 9, U is invertible.
Since TU = I, we have by the associativity of function composition that

Ull=(Tuyut=TW0Uu =T

But if T = U~!, then by definition T is invertible and U = T,

To show that the original statement is not true when we remove the require-
ment that V' be finite-dimensional, let V' be the space of polynomial functions
over F', where F' has characteristic zero. Let T'= D, the differentiation opera-
tor, and let U = F, the integration operator, as defined in Example 11. Then T
and U are linear operators on V such that TU = I, but T is not invertible since
the differentiation operator is singular (its null space consists of all constant
functions). O



3.2. THE ALGEBRA OF LINEAR TRANSFORMATIONS 67

3.2.10 Exercise 10

Let A be an m xn matrix with entries in F' and let T" be the linear transformation
from F™*1 into F™*1 defined by T(X) = AX. Show that if m < n it may
happen that T is onto without being non-singular. Similarly, show that if m > n
we may have T non-singular but not onto.

Solution. Let B = {e1,...,€,} be the standard ordered basis for F"*! and let
B = {é€,...,€,} be the standard ordered basis for F™*1.
Now suppose m < n. Let A be the m X n matrix whose jth column, for
1 <35 <m,is 637 and whose remaining columns are zero. Then the linear
transformation 7'(X) = AX is such that
T(e;) =€,

s for each j with 1 < j <m,

and
T(e;) =0 form<j<n.

Since every vector in B’ is in the range of T', we see that T is onto. However
it is not possible for T' to be non-singular, since by Theorem 2 the nullity of T'
must be n —m > 0.

On the other hand, assume m > n. Take A to be the m x n matrix whose
ith row is ¢; for 1 < i < n, with remaining rows zero. Then AX = 0 if and only
if X =0, so that the nullspace of T is {0}. But the rank of T'is n < m, so T is
non-singular but not onto. O

3.2.11 Exercise 11

Let V be a finite-dimensional vector space and let T" be a linear operator on V.
Suppose that rank(7?) = rank(7T'). Prove that the range and null space of T
are disjoint, i.e., have only the zero vector in common.

Proof. Note that the null space of T is contained in the null space of T2, since
if Taw = 0 then T%(a) = T(0) = 0. But T and T? have the same rank, so by
Theorem 2 they must have the same nullity. So any basis for the null space of T'
must also be a basis for the null space of T2. It follows that the two null spaces
are exactly equal.

Now let 8 be in the intersection of the range and null space of T'. Then there
is an « in V with Taw = 8. This implies that

T?(a) =TB =0,

so « is in the null space of 72. But T and T2 have the same null space, so « is
in the null space of T. Hence

B=Ta=0.

This shows that the intersection of the range of T' and the null space of T is
precisely the set {0}. O



68 CHAPTER 3. LINEAR TRANSFORMATIONS

3.2.12 Exercise 12

Let p, m, and n be positive integers and F a field. Let V' be the space of m xn
matrices over F' and W the space of p x n matrices over F. Let B be a fixed
p X m matrix and let T be the linear transformation from V into W defined
by T(A) = BA. Prove that T is invertible if and only if p = m and B is an
invertible m x m matrix.

Proof. First assume that p = m (so that V = W) and that B is invertible.
Define the linear transformation U from V into V by U(A) = B~'A. Then for
any A in V, we have

TU(A)=T(B™'A)=B(B™'A)= (BB H)A=A

and
UT(A) =U(BA) = B"*(BA) = (B"'B)A = A.

This shows that TU = UT = I, so by definition T is invertible and T—! = U.
The first half of the proof is complete.

Next, for the converse, assume that T is invertible. Then T is non-singular,
so the nullity of T" is 0. By Theorem 2, we have

rank(T) = dim V' = mn.
On the other hand, T' is onto, so
rank(7) = dim W = pn.

Therefore mn = pn and we see that p = m and V = W. Now B is an m X m
matrix. If we define C' = T~1(I), then

T(CA) = B(CA) = (BC)A=T(C) - A=TA= A,

so T71(A) = CA. Since TT~! =TT = I, it follows that BC = CB = I so
that B is invertible. This completes the proof. O
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3.3 Isomorphism

3.3.1 Exercise 1

Let V be the set of complex numbers and let F' be the field of real numbers.
With the usual operations, V is a vector space over F. Describe explicitly an
isomorphism of this space onto R2.

Solution. Define the map T from V into R? by
T(a+ bi) = (a,b), where a and b belong to R.
Then for any ¢ in R,

T(c(ar +b1i) + (a2 + b2i)) = T((car + az) + (cby + b2)i)
= (cay + az, cby + by)

c(ay,b1) + (ag, ba)

= cT'(a1 + b1i) + T(az + bai),

so T is a linear transformation. It is one to one, since
(a,b) = (¢,d) implies a4+ bi = c+ di,

and it is onto since (a, b) is evidently in the range of T for all a, b in R. Therefore
T is an isomorphism and V and R? are isomorphic. O

3.3.2 Exercise 2

Let V be a vector space over the field of complex numbers, and suppose there is
an isomorphism 7 of V onto C3. Let a1, o, as, ay be vectors in V such that

Tag = (13051) Tas = (727 1+ i70)a
Tas = (-1,1,1), Tay = (V2,i,3).

(a) Is a; in the subspace spanned by as and as?

Solution. If Ta; is in the subspace of C® spanned by Tas and Tas, then
there is x1, x2 in C with

—2.%‘1 — X9 =
(]. —+ Z)l’l —+ o =
Xro = 7.

We reduce the augmented matrix for this system of equations to get

SO 1 1
TO[l = <2 — 22) TOLQ + iTOlg.
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Since T is an isomorphism, it follows that

or

Therefore «; is in the subspace spanned by as and ag. O

Let W; be the subspace spanned by o and ais, and let W5 be the subspace
spanned by as and a4. What is the intersection of Wy and W5?

Solution. Let a be in W1 N Ws. Then « is a linear combination of oy and
a2, and also a linear combination of a3 and ay. We can therefore find ¢y,
co, c3, and ¢4 in C' with

= C1(] + Covg = €33 + C4014.

So
T(clal + Ccoip — Cc3(i3 — 64044) =0

which implies that
ciTar + coTag — c3Tag — cyTay =0.

This then leads to the system of equations

c1 — 202+03—\/§C4:0
(1+i)627037 iC4:O
iC1 — C3 — 3C4 =0.

The coefficient matrix for this system reduces to

1 -2 1 -~ 10 i
0 1+i -1 —i|—= |0 1 141
7 0 —1 -3 0 0 0

So, letting t = —2c3, we get
2itoq + (Z — 1)t0¢2 + 2tas = 0.

In particular, ¢4 = 0 and we see that a = —2tas where t is arbitrary. The
space Wi N Wy therefore has {a3} as a basis. Consequently, this space is
the one-dimensional subspace consisting of scalar multiples of as. O]

Find a basis for the subspace of V' spanned by the four vectors «;.

Solution. We have already seen previously that a3 can be written as a
linear combination of oy and aw:
1—14
2
A check will show that the remaining vectors are linearly independent.

Therefore {a1, a9, a4} forms a basis for the subspace of V' spanned by
Olj. O

a3 = —io + as.
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3.3.3 Exercise 3

Let W be the set of all 2 x 2 complex Hermitian matrices, that is, the set
of 2 x 2 complex matrices A such that A;; = Aj; (the bar denoting complex
conjugation). As we pointed out in Example 6 of Chapter 2, W is a vector space
over the field of real numbers, under the usual operations. Verify that

t+x y+iz]

R R A s

is an isomorphism of R* onto W.

Proof. Denote this mapping by T'. Then for any
a=(z1,y1,21,01) and B = (22,y2,22,t2)

in R* and any c in R, we have

T(ca+ B) = T(cx1 + x2,cy1 + ya, cz1 + 22, ¢ty + ta)
_ (Ctl + tg) + (le + $2) (Cyl + yg) + i(CZl + 2’2)
(cy1 +y2) —i(cz1 + 2z2)  (cty +t2) — (cw1 + 22)
‘ th+x1 Y1 +iz to+T2 Y2 +i29
y1—tz1 bt — @1 Yo — 122 la — T2
=cla+Tp.
This shows that T is a linear transformation.
Next, if Taw = T8 then t; + 1 = t3 + 22 and t; — 1 = to — 9, which
together imply that ¢t = ¢t and z; = xo. Similarly, y; + iz1 = y2 + iz implies
that y; = y2 and z; = z9. Therefore T is one to one.

Finally, let
| a b+ci
A= [b —ci d ]

be any 2 x 2 Hermitian matrix. Then we see that

11 1 1N\ [ a b+e]
T(2a+2d7b7c72a_2d>—|:bci d:|—A,

so T is onto. This shows that T is an isomorphism and R* is isomorphic to
w. O
3.3.4 Exercise 4

Show that F™*™ is isomorphic to F™".

Proof. An obvious isomorphism is the map T from F"™*™ onto F™" given by

A A o A
A1 Az -+ Ay
Aml Am2 tee Amn

- (A117A127' "7A1’naA217A227"'3A2‘n"' -7Am1>Am2a-~-7Amn)-

That is, the jth coordinate of T'(A) is the jth entry of A when the entries are
ordered from left-to-right and then top-to-bottom. It should be evident that T
is a linear transformation that is both one to one and onto. O
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3.3.5 Exercise 5

Let V be the set of complex numbers regarded as a vector space over the field
of real numbers. We define a function 7" from V into the space of 2 x 2 real
matrices, as follows. If z = z 4 iy with = and y real numbers, then

|z +Ty 5Y
T(z) = [ —10y x— 7y] ’
(a) Verify that T is a one-one (real) linear transformation of V' into the space

of 2 x 2 real matrices.

Proof. Let z1 = x1 + iy1 and zo = x2 + iy where x1,x2,y1,y2 are real
numbers. Let ¢ be any real number. Then

T(cz1 + 2z2) = T(cxy + x2 + i(cyr + y2))

(cx1 + z2) 4+ T(cyr + y2) 5(cy1 + y2)
—10(cy1 + v2) (cxy +x2) — T(cyr + 12)

B E + Ty1 oY1 4|72 + Ty Sy
710y1 Ty — 7y1 *10y2 To — 7y2

=T (z1) + T(22)
and we see that 7" is a linear transformation.
Moreover, if T'(21) = T'(22) then 5y; = 5ya so that y; = yo and z1 = xo,
or 21 = z9. Thus T is one to one. O
(b) Verify that T'(z122) = T'(21)T(22).
Proof. As above, we let z; = x1 + 1y, and z9 = x9 + iys. Then

T+ Tyt 5y1 ] [9:2 + Ty2 5y2

T(21)T(22) = —10y;, 1 — Ty1 =10y 2 — Ty2| "~

If we calculate the upper-left entry of this matrix product, we find

[T(21)T (22)]11 = (@1 + Ty1) (w2 + Ty2) — 504192
= 172 + Tx1Yy2 + TT2y1 + 499192 — 50192
= (x122 — y1y2) + T(T1Y2 + T2y1)

= [T(z122)]11-
The remaining entries are calculated in the same manner, and are all
straightforward. Therefore T'(z122) = T'(21)T(22). O

(¢) How would you describe the range of T

Solution. We have shown above that the range of 7" is isomorphic to V.
A basis for V is {1,i}, so we may compute
1 0 . 7 5
T(1) = [0 J and T(i) = {_10 _7} .

Since T preserves linear independence (Theorem 8), we see that the set

th 1) 1o 2}

is a basis for the range of T'. O
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3.3.6 Exercise 6

Let V and W be finite-dimensional vector spaces over the field F. Prove that
V and W are isomorphic if and only if dim V' = dim W.

Proof. First suppose that V and W are isomorphic via the isomorphism T'.
Suppose V has dimension n and let {aq,...,a,} be a basis for V. Then by
Theorem 8, the set {T'ay,...,Ta,} is linearly independent and thus forms a
basis for the range of T. But T is onto, so the range of T is W. Therefore

dim W = n as required.
Conversely, suppose dimV = dim W = n. By Theorem 10, V and W are
both isomorphic to F™. Thus V is isomorphic to W and the proof is complete.
O

3.3.7 Exercise 7

Let V and W be vector spaces over the field F' and let U be an isomorphism of V'
onto W. Prove that T'— UTU ! is an isomorphism of L(V, V) onto L(W, W).

Proof. Let S denote the stated map from L(V, V') to L(W, W). If ¢is in F, then

S(cTy +Tp) = U(cTy + To)U ™!
= (cUT, +UT,)U !
=cUTWU '+ UL U !
= cS(T1) + S(Ty),
so S is a linear transformation.
Next, suppose S(T1) = S(Ty). That is, UTyU ! = UToU L. Then
T = U tO)T(U'U)
Ul (unuhHu
=U Y UL U YU
= (U T(U'U)
=T,

showing that S is one to one.
Finally, let T be any linear operator in L(W,W). Then

SUtrtuy=vWU Tty = (0UuHrwut) =T,

so S is onto. This shows that S is an isomorphism, so that L(V, V) is isomorphic
to L(W, W). O
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3.4 Representation of Transformations by Ma-
trices

3.4.1 Exercise 1

Let T be the linear operator on C? defined by T'(z1,72) = (71,0). Let B be
the standard ordered basis for C? and let B’ = {a1,a2} be the ordered basis
defined by a; = (1,4), as = (—1,2).

(a) What is the matrix of T relative to the pair B, B'?

Solution. We have

T(1,0) = (1,0) and 7T(0,1) = (0,0).

Now let ) '
pP= L _2’] .
Then )
p= {—i ﬂ
and we get

(R P e P R

Of course, the zero vector has the same coordinates in every basis, so we
see that the matrix of T relative to B, B’ is

T = {_21 g] . 0

(b) What is the matrix of T relative to the pair B’, B?
Solution. We have
T(1,i) =(1,0) and T(—i,2) = (—3,0).
So the matrix of T relative to B, B is
M=l 5] 0
(¢c) What is the matrix of 7" in the ordered basis B'?
Solution. We have

no=rmer=[% ) 9 3]-[5 2] @

(d) What is the matrix of T in the ordered basis {ag, a1 }?
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Solution. The change-of-basis matrix P such that

Pla]{ay,a,} = [

0 1
r=li o)
SO

el | ]

3.4.2 Exercise 2

Let T be the linear transformation from R? into R? defined by

is given by

Il
|
I
Y=
v |
~.
—_
O

T(l’l,l'g,xg) = (xl + x2,2x3 — xl).

(a) If B is the standard ordered basis for R? and B’ is the standard ordered
basis for R2, what is the matrix of T relative to the pair B, B'?

Solution. Since
7(1,0,0) =(1,-1), 7(0,1,0)=(1,0), and T(0,0,1)=(0,2),

we see that the matrix of T relative to B, B’ is

R 0

(b) If B ={a1,a2,as} and B = {B1, B2}, where

ayp = (1?07_1)7 Qg = (17171)7 a3 = (17070)7
ﬂl = (Oa 1)7 182 = (170)

what is the matrix of T relative to the pair B, B’?
Solution. We have

Tay = (1,-3) = =361 + B2,
Tas =(2,1) = 1 + 259,

and
Taz=(1,-1) = —p1 + b,
so the corresponding matrix is

mg =75 )
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3.4.3 Exercise 3

Let T be a linear operator on F™, let A be the matrix of T in the standard
ordered basis for F™, and let W be the subspace of F" spanned by the column
vectors of A. What does W have to do with 77

Solution. W is simply the range of T', as we will now show.

Let {€1,...,€,} denote the standard ordered basis for F™. Note that the jth
column of A is simply T’¢;. Take any vector o in F™. Then « belongs to W if
and only if

a=x1Te1 +xoTes + -+ x,T€,
= T(.’Elel + To€9 + -4 xnen)

= T(xlagj% to ;l'n),

for some vector (x1,a,...,2,) in F™. That is, a is in W if and only if « is in
the range of T. O

3.4.4 Exercise 4

Let V be a two-dimensional vector space over the field F', and let B be an
ordered basis for V. If T is a linear operator on V' and

[T]5 = [CCL Z]

prove that 7% — (a + d)T + (ad — be)I = 0.

Proof. By Theorem 12, the function which assigns a linear operator on V to its
matrix relative to B is an isomorphism between L(V, V) and F?*2. Theorem 13
shows that this function preserves products also. Thus we can operate on T' by
simply performing the corresponding operations on its matrix and vice versa.
So consider the following computation.

[T)% — (a+ d)[T]5 + (ad — be) I

_ a?+bc ab+bd _ a2+ ad ab+bd ad — be 0
T lac+ced be+ d? ac+cd ad+ d? 0 ad — bc

oo
10 0]
From this we see that T2 — (a + d)T + (ad — be)I = 0. O

3.4.5 Exercise 5

Let T be the linear operator on R?, the matrix of which in the standard ordered
basis is

1 2 1
A=[0 1 1
-1 3 4

Find a basis for the range of T" and a basis for the null space of T.
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Solution. By Exercise[3.4.3] we know that the column space of A is the range of
T. We can find a basis for the column space of A by row-reducing its transpose
AT and taking the nonzero rows. We get

10 -1 1
AT=12 1 3| =|0
11 4 0

0 -1
1 5
0 0

)

so a basis for the range of T' is given by

{(1,0,-1),(0,1,5)}.

For the nullspace, we seek column vectors X for which AX = 0. Row-
reducing A gives

1 21 1 0 -1
A=1]10 1 1f{—=1|f0 1 1|,
-1 3 4 0 0 O
50 (x1,x2,x3) is in the null space of T if and ounly if 1 = z3 and x93 = —zs3.

That is, if and only if (21,2, z3) has the form (¢, —t,t) for some scalar t. A
basis for the null space of T is therefore given by

3.4.6 Exercise 6
Let T be the linear operator on R? defined by
T(z1,22) = (—x2,71).
(a) What is the matrix of T in the standard ordered basis for R??
Solution. Since
T(1,0) = (0,1) and 7T(0,1)=(-1,0),

the matrix of T relative to the standard ordered basis is
0 -1
[T]{el’ez}: [1 0} . O

(b) What is the matrix of T' in the ordered basis B = {a1, a2}, where

a; =(1,2) and ap=(1,-1)?

Solution. The transition matrix P from B to the standard basis is

] |

=

|11 s -1
P = [2 _J, with inverse P —[

Wl Wl
Wl

WIN wol=
| W=
Wl
| I
L———
— O
o |
—
—_
L——
N =
I =
—_
—_
|
—
[
W[ o=

Wl Wt
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(¢) Prove that for every real number ¢ the operator (T" — ¢I) is invertible.

Proof. Fix cin R and let U =T — cI. If B is the standard ordered basis
for R?, then

0 -1 10 —c -1
Since ¢ + 1 must be nonzero, it is easily verified that

1
a1 @ |1 [c —1]
- czirl - 0211 2+1 |1 ¢

is an inverse for [U]p. It follows that U is invertible, as required. O
(d) Prove that if B is any ordered basis for R? and [Tz = A, then A;5A5; # 0.
Proof. Let B = {ay,as} where
a1 = (a,¢) and a9 = (b,d)

so that
[T]B = P_l[T]{El’@}P’

a b
P [ d] .
Since P is invertible, we know from Exercise that ad — bc # 0, and
through direct computation we can find that

d b —cd—ab  —d’>-b’

A= [T] _ ad—bc ad—bc 0 -1 a b — ad—bc ad—bc
B __c a 1 0 c d c24a? cd+ab | °

ad—bc ad—bc ad—bc ad—bc

where

Now, if A5 = 0, then b4 d? = 0 so that we must have b = d = 0. But this
is impossible since ad — be # 0. Similarly if As; = 0 then a = ¢ = 0 which
is again a contradiction. So we find that A;5 and As; are each nonzero,
and their product must be nonzero also. O

3.4.7 Exercise 7
Let T be the linear operator on R? defined by
T(x1, 20, 23) = (321 + 23, —221 + T2, —x1 + 229 + 4a3).
(a) What is the matrix of T" in the standard ordered basis for R3?

Solution. Since
T(]-a Oa O) = (37 723 71)7
T(07 17 O) = (07 1’ 2)7
7(0,0,1) = (1,0,4),

the matrix of T" in the standard ordered basis is

3 01
-2 1 0}. O
-1 2 4

[T]

{61752763} =
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(b) What is the matrix of 7" in the ordered basis

{a17a23 Ckg}

where oy = (1,0,1), az = (—1,2,1), and a3z = (2,1,1)?

Solution. The matrix of T in this basis is

[T]{ahag,as} = P_l[T]{q,Q,es}P’

where
1 -1 2
P=10 2 1
1 1 1
So
ro1 3 57
i "1 1 3 0 1] (1 -1 2
[T]{al,ag,ag}: _% % i -2 1 0 0 2 1
1 1 _1f -1 2 4|1 1 1
L 2 2 2]
17 35 1117
4 4 2
_ 3 15 3
=171 1 ~2 O
1 7
=2 —3 0]

Prove that T is invertible and give a rule for T~! like the one which defines
T.

Proof. We already saw that the matrix A of T relative to the standard
ordered basis of R? is

3 0
A=1-2 1
-1 2

I s

Using the same methods as we used in Chapter 1, we can see that A is
invertible and

4 2 _1
9 9 9

—1 8 13 2
A - 9 9 9
1 _2 1

3 3 3

This implies that T is invertible and

T_1($1,$27x3)
_ <4 2 1 8 13 2 1 2 1 )

9%t + 9%2 T ¥ gt + 92T g% T3t T2 + 373
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3.4.8 Exercise 8

Let 0 be a real number. Prove that the following two matrices are similar over
the field of complex numbers:

cos) —siné e 0
sinf  cosf |’ 0 e

Proof. Let T be the linear operator on C? which is represented by the first
matrix in the standard ordered basis. Let

oy =(1,—i) and s =(—i,1),
so that B = {a1, s} is an ordered basis for C2. Then
Tay = (cosf + isinf,sinf —icosh) = (¥, —ie?) = ey
and

Tay = (—icosh —sinf, —isin @ + cosf) = (—ie™?, ™) = e P,

Thus the second matrix represents 7' in the ordered basis B. By Theorem 14,
the two matrices are similar. O

3.4.9 Exercise 9

Let V be a finite-dimensional vector space over the field F' and let S and T be
linear operators on V. We ask: When do there exist ordered bases B and B’ for
V such that [S]g = [T]p'? Prove that such bases exist if and only if there is an
invertible linear operator U on V such that T = USU™!.

Proof. Assume such bases exist, so that [S]p = [T]p. Let U be the operator
which carries B onto B’. Then by Theorem 14, we have

[S]s = [T]s = [Ul'[T]8[U]s = [U'TU]3.

Since S and U ~'TU have the same matrix relative to B, it follows by Theorem 12
that S = U~'TU. Thus we have shown that there is an invertible operator U
with T = USU~L.

Conversely, assume that T = USU~! for some invertible U and let B be
any ordered basis for V. Let B’ be the image of B under U. Then, again by
Theorem 14, we have

[T = Ul [T]5[U]s = [U'TU]5 = [S]5-

Thus the proof is complete. O

3.4.10 Exercise 10

We have seen that the linear operator T' on R? defined by T'(z1,22) = (21,0) is
represented in the standard ordered basis by the matrix

A_B 8}
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This operator satisfies T2 = T. Prove that if S is a linear operator on R? such
that S2 = S, then S = 0, or S = I, or there is an ordered basis B for R? such
that [S]g = A (above).

Proof. Assume that S is such that S? = S. Certainly 02 = 0 and I? = I, so if
S =0 or S = I there is nothing left to prove. We will therefore assume that
S # 0and S # I. Since S # 0, there is nonzero «; in the range of S. So
SB1 = o for some By in R? and we have

Sa; = S(Sp1) =561 = 3. (3.1)
On the other hand, since S # I, there exist distinct B3 and £3 such that

SBy = Bs.

Applying S to both sides, we get S%28; = SB35 or SBy = SB3. Now letting
Qg = P — (2, we get
SO[Q = Sﬂ:; - SBQ =0. (32)

Next, if ¢iaq + caarg = 0 for scalars ¢; and ¢o, then
c1Saq + caSas = 0.

Substituting equations and , we see ci; = 0, which implies that
c1 = 0 since o is nonzero. So coas = 0 and we must have co = 0 since ag is
also nonzero. Thus the set B = {a1,as} is a set of two linearly independent
vectors in R?. Therefore B spans R? and is a basis.

Finally, we see that (3.1) and (3.2) together imply that
1 0
so the proof is complete. O

3.4.11 Exercise 11

Let W be the space of all n x 1 column matrices over a field F. If A is an
n X n matrix over F', then A defines a linear operator L4 on W through left
multiplication: L (X) = AX. Prove that every linear operator on W is left
multiplication by some n x n matrix, i.e., is L for some A.

Now suppose V is an n-dimensional vector space over the field F, and let B
be an ordered basis for V. For each a in V, define U = [a]g. Prove that U is
an isomorphism of V onto W. If T is a linear operator on V, then UTU ! is a
linear operator on W. Accordingly, UTU ! is left multiplication by some n x n
matrix A. What is A?

Solution. Let C be the standard ordered basis for W = F™*! i.e. the jth vector
in the basis has a 1 in its jth row and all other entries zero. Then if S is any
linear operator on W, we may take the n x n matrix A to be

A =[Se.
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Then L4 and S have the same matrix relative to the ordered basis C, and
therefore L4 = S. Therefore every linear operator on W is left multiplication
by some n X n matrix.

Now let V' be an n-dimensional vector space over F and B = {aq,...,an}
an ordered basis for V. Define U = [a]g, so that U is a map of V into W. We
will show that U is an isomorphism.

First, for any 81, 82 in V and scalar ¢ in F, we have

U(chr + B2) = [cf1 + Ba]s

= c[f1]s + [B2]s
=cUpB +UpBs,
and U is a linear transformation.
Now choose Y in W, where
Y1
Y2
Y=1.
Yn
Define
B =y1a1 + Yoo + - - + Ynovy,.
Then

UB=[Bls=Y.

So Y is in the range of U, and U is therefore onto. By Theorem 9, U is invertible
and therefore an isomorphism of V' onto W.
Finally, if T is a linear operator on V, then UTU ! is a linear operator on
W and hence UTU ! = L4 for some n x n matrix A. Choose any X in W,
with
ia

T2
X =

Ln

Then

UTU N (X) = UT(z101 + 209 + - - - + Tp00,)
=U(x1Tar + zoTas + -+ + x,Tay,)
=x1[Toq|g + zo[Taslg + -+ - + zn[Tanls
= z1[T]glon]s + 22 [T]s[az]s + - - + zn[T]8lom]s
= [T)g(x1Ua1 + z2Uas + - - + z,Ucry)
= [T]pX.

We see that A = [T]g, so UTU ™ = Ligy,. O
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3.4.12 Exercise 12

Let V be an n-dimensional vector space over the field F', and let

B={ay,...,on}

be an ordered basis for V.

(a)

(b)

According to Theorem 1, there is a unique linear operator 7" on V' such
that
Ta; =aj41, j=1,...,n—-1, To, =0.

What is the matrix A of T in the ordered basis B?

Solution. For each j = 1,...,n — 1, we have A;;1; = 1 and all other
entries 0. That is,

00 0 0 0
100 0 0
01 0 0 0

A=[Tls=10 0 1 0 0 O
000 -~ 1 0

Prove that 7™ = 0 but 77! # 0.

Proof. Since T" 'a; = a,, # 0, we see that T"~! # 0. On the other
hand,
T = T(T" ay) = Ta,, =0,

and we can similarly see that T"a; = 0 for all j with 1 < j < n. Since
any vector « can be written as a linear combination of the basis vectors
Q1,...,0n, it follows by the linearity of T that T"a = 0. Therefore
T =0. O

Let S be any linear operator on V such that S™ = 0 but S*~! # 0. Prove
that there is an ordered basis B’ for V such that the matrix of S in the
ordered basis B’ is the matrix A of part @

Proof. Since S"~! # 0, there is a nonzero 8, in V such that S"~!p; is
nonzero. Now, for each j with 2 < j < n, define

B; =S5771B;.
Let B = {81, ..., 5}

Now suppose ¢y, ca, ..., C, are scalars in F' such that
c1f1 +c2fe + -+ ey = 0.
Taking S™ ! of both sides gives ¢, 3, = 0, which implies that ¢; = 0. So

caffa + e3P+ A cpfin =0,
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and we can take S"~2 of both sides to get co/3, = 0, implying that c, is
zero. More generally, assuming that cq,..., ¢, are all zero for some k with
1 <k<n-—1, we have

Cht1Pk+1 + -+ cnfp =0.

Taking S"~*~! of both sides (in the case where k = n—1, we take S° = I)
then gives cpy18, = 0, so that cgr1 = 0. Thereforec; =co=---=¢, =0
and B’ is linearly independent. Since dimV = n and B’ is a linearly
independent set of n vectors in V, it follows that B’ is a basis for V.

Finally, we have defined (31, ..., 8, so that
Sﬂjzﬁj-i-la .j:17"'7n_1a S/Bn:O
Therefore we have [S]g = A. O

(d) Prove that if M and N are n x n matrices over F' such that M"™ = N" =0
but M"~1 #0# N1 then M and N are similar.

Proof. Let P and @ be the linear operators on V' whose matrices relative to
B are, respectively, M and N. Then P"* = Q" = 0 but P"~! #£ 0 # Q" L.
We have shown above that there are bases C and C’ for V such that

[Ple = A= [Qler-

By Exercise [3.4.9] there is an invertible linear transformation U such that
Q = UPU . Therefore

N =[Qls = [U]5[P]s[U]5" = [UlsM[U]5"

and we see that M and N are similar matrices. O

3.4.13 Exercise 13

Let V and W be finite-dimensional vector spaces over the field F' and let T be
a linear transformation from V into W. If

B={a,...,a,} and B ={B1,...,8m}

are ordered bases for V' and W, respectively, define the linear transformations
EP9 as in the proof of Theorem 5: EP%(«;) = 0;¢3p. Then the EP7, 1 < p < m,
1 < g < n, form a basis for L(V, W), and so

n

T = i > Ay EPY

p=1g=1

for certain scalars A,, (the coordinates of T in this basis for L(V,W)). Show
that the matrix A with entries A(p, q) = A,, is precisely the matrix of T relative
to the pair B, B'.



3.4. REPRESENTATION OF TRANSFORMATIONS BY MATRICES 85

Solution. Note that for each j =1,...,n,

m n

Taj = Z Z ApgEP(aj)

p=1g=1

= Z Z Apq9jqPp

p=1g¢=1
m
= E :Amﬂzr
p=1

Thus the ith coordinate of T'or; is A;; and we see that the matrix of T relative
to B, B’ is precisely the matrix A. O
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3.5 Linear Functionals

3.5.1 Exercise 1
In R, let oy = (1,0,1), ag = (0,1,-2), a3 = (—1,—1,0).
(a) If f is a linear functional on R? such that
fla) =1, flag) = =1, flas) =3,
and if & = (a,b,¢), find f(a).

Solution. Suppose f(x1,zs,23) = c121 + ca22 + c3xz. Then

flar) = «a + = 1,
flaz) = ¢y —2c3 = —1,
f(Ot3) = —C1 — C = 3.

Row-reducing the augmented matrix for this system gives

1 0 1 1 1 0 0 4
0 1 -2 -1 —=1]0 1 0 -7},
-1 -1 0 3 0 01 -3
so c; =4, co = —7, and ¢3 = —3. Therefore
fla) =4a —Tb— 3c. O

(b) Describe explicitly a linear functional f on R® such that
flar) = flaz) =0 but  f(as) #0.

Solution. For example, suppose f(a1) = f(az) = 0 but f(as) = 1. As
above, this leads to a system of linear equations having augmented matrix

1 0 1 0 1 0 0 1
0 1 -2 0f—- (0 1 0 -2
-1 -1 0 1 00 1 -1
So we may write
f($1,l’2,l’3) =1 72$27£173. D

(¢) Let f be any linear functional such that

flar) = flaz) =0 and f(as) #0.
If a = (2,3,-1), show that f(«) # 0.

Solution. By inspection, we see that
a=—a1 — 3as.
Therefore
fla) = f(=o1 — 3a3)

= —f(a1) = 3f(as3)
= —3f(as) #0. O
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3.5.2 Exercise 2
Let B = {a1,as,a3} be the basis for C? defined by

a1 = (1307 71)3 Qg = (17 17 1)7 Qg = (27270)

Find the dual basis of B.

Solution. Let {f1, f2, f3} be the dual basis of B, and let

1 1 2
P=|0 1 2|,
-1 1 0

so that P is the transition matrix from B to the standard ordered basis of C3.
We find

1 1
-3 1 =3

So, given a vector a = (x1, 2, x3) in C3, we can write

T
[Ot]B =p! X9
Z3
Therefore
1 -1 0 71
fl(l'l,l'g,x:g) = [1 0 0] 1 -1 1 To2| =1 — X2.
1 1
-3 L 3] L®
Similarly, we get
1 -1 0 1
f2($1,$2,x3): [0 1 O] 1 -1 1 To| =21 — 22 + 23,
1 1
-3 1 -] L™
and
1 -1 0
1 1 1
fg(xl,.’ﬂg,l'g) = [0 0 1} 1 -1 1 To| = —§x1 + xo — 5‘%3. O
R

3.5.3 Exercise 3

If A and B are nxn matrices over the field F', show that trace(AB) = trace(BA).
Now show that similar matrices have the same trace.
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Proof. We may directly compute

tr(AB) = (AB)y

=2 2 AuBi=)_2 By
=1 j5=1 Jj=11:i=1

= (BA)j]
Jj=1

= tr(BA)

So tr(AB) = tr(BA).
Next, suppose A and B are similar, and let P be an invertible n x n matrix
such that B = P~'AP. Using the fact that was proven above, we get

(B) rP1
r((P~ ))

tr(
tr(
tr(P(P~ 4))
tr(
tr(

r((PP1)4)
r(A).

This shows that similar matrices have the same trace. O

3.5.4 Exercise 4

Let V be the vector space of all polynomial functions p from R into R which
have degree 2 or less:
p(z) = co + 1o + cox?.

Define three linear functionals on V' by

mmzﬁmmm7h@=4pmm,ﬁ@=4_mmm

Show that {f1, f2, f3} is a basis for V* by exhibiting the basis for V' of which it
is the dual.

Solution. First we evaluate,

1 1 1 1
fl(p) = (C()x + 5C1’I2 + 3021?3) = Cp + 501 -+ gCQ

2
1 1 8
fa(p) = (Cox + e + csz) =2co+2c1 + -co

2 3 3
0
1 1 - 1 1
fs(p) = (Col‘ + 561332 + 302x3) =—Co+ 561~ 3¢

0

Now, let {p1,p2,p3} be the basis for V' of which {f1, fa, f3} is the dual. To
determine p;, we want to find values for the coefficients ¢y, ca, and c3 so that
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fi(p;) =1 and f;(p;) = 0 for j # 4. This gives three systems of linear equations,
having augmented matrices

1 1 1 1 1 1
13 3 1 L3 3 0 z 5 0
2 2 %8 of, |2 2 & 1/, and |2 2 % 0

1 1 1 1 1 1

-1 32 -3 0 -1 3 -3 0 -1 3 -3 1

We can combine these into one augmented matrix and perform row-reduction,
which gives

11 1 1
1 L L 100 [too 1 -1 -1
2 2 % 010/ =010 1 0 1
1 1 3 1 1
-1 L -1 o001 001 -3 1 -1
So we see that
3
p1($)21+l‘—§$2,
1 1
pz(x)_—6+§$2,
1 1
pg(x)=—§+x—§x2,
and {f1, f2, f3} is the dual basis of {p1, p2, ps}. O

3.5.5 Exercise 5
If A and B are n x n complex matrices, show that AB — BA = I is impossible.

Proof. In Example 19, the trace function was shown to be a linear functional
on the space of n X n matrices. And in Exercise [3.5.3] we proved that, given
two matrices A and B, tr(AB) = tr(BA). It now follows that

tr(AB — BA) = tr(AB) — tr(BA) = 0.

But tr(I) = n # 0, so it cannot be the case that AB — BA = 1. O

3.5.6 Exercise 6

Let m and n be positive integers and F' a field. Let fi,..., f;, be linear func-
tionals on F™. For « in F™ define

Ta= (fl(a)’ N '7fm(a))'

Show that T is a linear transformation from F™ into F. Then show that every
linear transformation from F™ into F™ is of the above form, for some f1, ..., fi..

Proof. First, for any ay,as in F™ and any ¢ in F, we have

T(car + a2) = (fi(car + a2), ..., fm(car + a2))
= (cfilan) + filaz), ..., cfm(ar) + fm(az))
=c(fila), -, fm(a1)) + (fi(a2), ..., fm(a2))
cl'ay + Tas.
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This shows that T is a linear transformation from F™ into F™.
Next, let T' be any linear transformation from F™ into F™. For each i with
1 <i < m, define f;(a) to be the ith coordinate of T. Then

Ta=(fi(a),..., fm(a))
and, moreover, each f; is a linear transformation because T itself is linear.

Therefore every linear transformation from F™ into F™ can be written this
way. O

3.5.7 Exercise 7

Let a; = (1,0,—1,2) and az = (2,3,1,1), and let W be the subspace of R*
spanned by a7 and as. Which linear functionals f:

f(x1, 0,03, 24) = c171 + CoT2 + 373 + camy
are in the annihilator of W?
Solution. Let f be in W°. We want
f(1,0,-1,2) = f(2,3,1,1) =0.
This leads to a system of equations in ¢y, ¢s, c3, ¢4 having coeflicient matrix
1 0 -1 2 10 -1 2
{2 3 1 1}%[0 11 —1]'
From the reduced form we see that c3 and ¢4 can be arbitrary, with
cp=c3—2c4 and co =cyg — C3.
Therefore W9 consists of the linear functionals f having the form
fz1, 20,3, 24) = (s — 2t)x1 + (t — 8)T2 + sT3 + t24,

where s and t are scalars in F. Note that we can also find a basis for W° by
first taking s = 1,¢ = 0 and then by taking s = 0,¢ = 1. O

3.5.8 Exercise 8

Let W be the subspace of R® which is spanned by the vectors

Qa1 = €1+ 265 + €3, Qo =€+ 33+ 3€4 + €5
a3 = €1 +462+663+464+65.

Find a basis for W0,
Solution. Take f in WP, and write

f(x1, 22,23, 24, T5) = C121 + C2T2 + €323 + caTa + C5T5.
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Since f annihilates W, we have

flar) =c1+2c2+ c3 =0
flao) = co+3c3+3cs+c5=0
f(a3)201+462+663+464+05:O.

The coefficient matrix for this system reduces as follows:

121 0 0 100 4 3
060133 1 —=1]101 0 -3 -2
1 46 41 001 2 1

Since the latter matrix has three nonzero rows, we see that W has dimension 3
and {a1, as, a3} is a basis for W. We also see that

C1 = —404 - 3057

cg = 3cq + 2cs5,
and
c3 = —2¢c4 — Cs.
Therefore the set {f1, f2}, where
fi(x, 20, 23,24, 5) = —4x1 + 320 — 223 + 24

and
f2($1,1’2,$3,x4,l'5) = 731’1 + 21’2 — 3 + X5,

is a basis for W°. Note that dim W = 2, which agrees with Theorem 16. [

3.5.9 Exercise 9

Let V be the vector space of all 2 x 2 matrices over the field of real numbers,
and let
2 =2
B= [_1 ; ] .
Let W be the subspace of V' consisting of all A such that AB = 0. Let f be a

linear functional on V' which is in the annihilator of W. Suppose that f(I) =0
and f(C) = 3, where I is the 2 x 2 identity matrix and

Sl

Find f(B).

Solution. Note that
a b 2 =2 (2a—b —2a+0b| _ 0
c dl|-1 1| |(2¢—d —2c+d|

if and only if 2a = b and 2¢ = d. Therefore, a basis for W is

b i [ e}
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Now, let
f(A) = c1 A + caAia + c3Agr + ca Ao,
where A is any 2 x 2 matrix. We know that f annihilates the two basis vectors

for W found above, and we also know that f(I) =0 and f(C) = 3. This leads
to the following system of linear equations:

c1+2c0=0
c3+2c4 =0
c1+cy=0

cqy = 3.

This system has the unique solution

y €3 = _67 Cq4 = 3a

3
612—3, 6225

so
3
f(A) = =3A11 + 51412 — 6451 + 3A90.

Therefore

3.5.10 Exercise 10

Let F be a subfield of the complex numbers. We define n linear functionals on
F" (n>2) by

fe(z, ... zn) = Z(k: -z, 1<k<n.

j=1
What is the dimension of the subspace annihilated by fi,..., fn?

Solution. Call the subspace W. We first want to find dim W°. Fix some n > 2
and consider the set B = {f1, fo}. Since fi(a) = fa2(a) =0 for any a in W, we
have

—x9—2x3—3x4— - — (n— 1)z, =0,

1 —23—2x4— - —(n—2)x, =0
The coefficient matrix for the above system of equations is given by

0 -1 -2 -3 -+ 1—-n
A= 1 0 -1 -2 .-+ 2—n|"
Observe that by multiplying the first row by —1 and interchanging the two
rows, we can put A in row-reduced echelon form. Since A is row-equivalent to
a row-reduced matrix having two nonzero rows, we see that the set B is linearly
independent.
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Next, consider fi for some k with 3 < k <n. Then we can write

fe(@y, . mn) =Y (k= j)x;
j=1

=N (—k—2j+2+jk)z; + Y (2k+j—2— jk)z;
j=1 j=1

(2—-k il—]xj —1Zn:
j=1 =

:(2—k>f1(I1,...7 ) (k 1)f2(931,..., )

[

This shows that B spans the annihilator of W. Therefore B is a basis for W°
and dim W° = 2. It now follows from Theorem 16 that dim W =n — 2. O

3.5.11 Exercise 11

Let W7 and W5 be subspaces of a finite-dimensional vector space V.

(a)

Prove that (Wy + W)Y = WP nWwy.

Proof. If a linear functional f belongs to (Wy + W5)?, then it annihilates
every vector in W7 + W5, But W7 and W5 are subspaces of Wy + Ws, so
f must belong to WY N W3,

Conversely, if f belongs to WY N WY, then f annihilates all vectors in W7,
and also annihilates all vectors in Ws. Since f is linear, it must therefore
annihilate sums of these vectors, so f is in (W; + Wa)P.

We have shown that members of (W7 + W2)? are members of W N WY
and vice versa, so these spaces are equal. O

Prove that (W3 N W) = WP + Wy.

Proof. Let B = {a1,...,a;,} be a basis for Wi N W,. Extend this basis
to a basis B’ for W7, where

B/ = {alw"uamnﬁl?"'uﬂn}'
Also extend B to a basis B” for W5, where

B”:{al,...,am,’h,uw'yp}'

Now take any linear functional f belonging to (W3 N W3)Y. Let g be the
linear functional on V such that

glar) =
(51) == (Bn) =0,

<
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Notice that g belongs to W{. Similarly, define h to be the linear functional

given by
h(ar) =--- = h(am) =0,
h(m) =+ =h(y) =0,
h<ﬁ1) :f(ﬁl)’ SR h(ﬁn) :f(ﬁn)

Notice that h belongs to WY. Moreover, f = g + h. This shows that f
belongs to the sum W + WY, and we see that (W7 N Ws)? is a subset of
WP + W3,

Next, suppose f = f1 + f2, where f; is in W and fo is in WJ. Since
W1 N Wy is a subspace of W7 and also a subspace of Ws, it follows that
both f; and fo annihilate Wy N Wa, i.e. f belongs to (W7 N W,)?. This
completes the proof that (W; N W3)? = W + WJ. O

3.5.12 Exercise 12

Let V be a finite-dimensional vector space over the field F' and let W be a
subspace of V. If f is a linear functional on W, prove that there is a linear
functional g on V such that g(a) = f(«) for each « in the subspace W.

Proof. Let B ={a1,...,an} be a basis for W and extend this basis to a basis

B/:{ala"'aamnﬂla"'aﬂn}

for V.
Let f be any linear functional on W. Define the linear functional g on V' by

g(a;) = fa;), forl1<i<m, and g¢(8;)=0, forl<j<n.

We know ¢ exists by Theorem 1. So ¢ is a linear functional on V' that agrees
with f on W as we wanted to show. O

3.5.13 Exercise 13

Let F' be a subfield of the field of complex numbers and let V' be any vector
space over F. Suppose that f and g are linear functionals on V such that the
function h defined by h(a) = f(a)g(e) is also a linear functional on V. Prove
that either f =0 or g = 0.

Proof. Let f, g, and h be the linear functionals on V' with the properties de-
scribed above.
Choose any «, 8 in V. Then

h(a+8) = fla+ B)gla+B)

= (f(a) + f(B))(g(a) + 9(B))
g(a) + f(a)g(B) + f(B)g(a) + f(B)g(B)
+h(B) + f(@)g(B) + [(B)g(e)
a+B)+ fla)g(B) + f(B)g(a).
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This shows that for any pair of vectors a, 8 in V|

f(a)g(B) + f(B)g(a) = 0. (3-3)

Taking 5 = «, we also see that h = 0.

Now, either f =0 or f # 0. If f = 0 then there is nothing left to prove, so
we will assume that f # 0. Again, let a in V' be arbitrary, and let 5 in V be
such that f(8) is nonzero. We know that

and it follows that g(8) = 0 (since f(8) # 0). Substituting zero for g(8) in
equation (3.3]) then gives

f(B)g(a) = 0.
But, again, f(8) is nonzero, so we must have g(a) = 0. Since o was chosen
arbitrarily, it follows that g = 0 and the proof is complete. O

3.5.14 Exercise 14

Let F' be a field of characteristic zero and let V' be a finite-dimensional vector
space over F. If ay,...,a,, are finitely many vectors in V, each different from
the zero vector, prove that there is a linear functional f on V such that

f(Oéi)?éO, i=1,...,m.

Proof. Let B = {f1,...,0,} be a basis for V. We will use induction on m to
show that we can always find a linear functional f such that f(«;) # 0 for all i.

First, when m = 1, we have a single nonzero vector ;. Writing oy as a
linear combination of the vectors in B gives

ap =c1B1 + s+ -+ ¢,

for some scalars c¢1,...,¢, in F. Since a; # 0, there is an index k such that
cr # 0. Now define f to be the linear functional on V such that

f(Bi) = ey,
where §;; is the Kronecker delta. We now have

flar) =creg' =1#0.

This shows that the statement holds for the base case of m = 1.

Now assume that the statement is true when m = k for some k£ > 1, and
let k + 1 nonzero vectors aq,...,ary+1 be given. We may apply the inductive
hypothesis to find a linear functional fy on V such that fo(c;) # 0 for all ¢ with
1<i<k.

If fo(ak+1) happens to be nonzero, then we are done. So we will assume
that fo(ax+1) = 0. Again the inductive hypothesis, when applied to the single
vector a1, allows us to find a linear functional f; such that fi(agy1) # 0.

For each ¢ with 1 < ¢ < k + 1, define the number N; as follows. First, if
there is no positive integer n such that

folew) +nfi(a:) =0, (3-4)
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then set V; = 1. Otherwise, define N; to be the unique positive integer such
that
folai) + Nifi(a;) = 0.

In this second case, we know that NN; is unique for the following reason. Suppose
n = M and n = N; both satisfy . By construction, it is not possible for
fo(ay) and f1(e;) to both be zero. But if one is zero, then implies that
the other is as well (because F' has characteristic zero). So we see that neither
fo(a;) nor fi1(ay) is zero, hence

_ Jo(a)
fi (ai)
So N; is well-defined for all i =1,...,k+ 1.

Now, the set

M =

= N;.

A={Ni, Ny, ..., N1}

is a finite set of natural numbers, so we can find a largest element in A. Take
any natural number P greater than this largest element, and define the linear
functional f on V by
f=Jo+Pf.

Then we see that f(a;) # 0 for each i = 1,...,k + 1, completing the inductive
step of the proof.

By induction, the original statement must be true for all positive integers
m. O

3.5.15 Exercise 15

According to Exercise [3.5.3] similar matrices have the same trace. Thus we
can define the trace of a linear operator on a finite-dimensional space to be the
trace of any matrix which represents the operator in an ordered basis. This is
well-defined since all such representing matrices for one operator are similar.

Now let V' be the space of all 2 x 2 matrices over the field F' and let P be a
fixed 2 x 2 matrix. Let T" be the linear operator on V defined by T'(A) = PA.
Prove that trace(T) = 2trace(P).

Proof. Let
a b
P=[t 4
and let )
g [[L 0] [o 1] o o] o 0
“ 1o o]0 o] |t o]"|o 1
be an ordered basis for V. We calculate
T'l o] [a 0] [1 o] . [0 0]
0 0] " le o] %o o1 o]
T'o 1] Jo a'_ao 1 +C'0 0]
0 0 |0 ¢ 7[00 o0 1)’
(0 o] [b 0] 10 0 0]
o= la 0_‘%0 0]+d_1 0]
0 o] [0 b] 0 1 (0 0]
Tlo 1/ = |o d_‘b{o 0]+d_0 1
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From this, we see that the matrix for T relative to B is the 4 x 4 matrix

a 0 b O
e
0 ¢ 0 d
We can now readily see that
trace(T) = tr([T]g) = 2a + 2d = 2tr(P). O

3.5.16 Exercise 16

Show that the trace functional on n x n matrices is unique in the following
sense. If W is the space of n X n matrices over the field F' and if f is a linear
functional on W such that f(AB) = f(BA) for each A and B in W, then f is
a scalar multiple of the trace function. If, in addition, f(I) = n, then f is the
trace function.

Proof. Let
B= {6117612, ceey€lny ey €l €ER2, e 7€nn}

be the basis for W where ¢;; is the n X n matrix having a 1 in the %, jth entry
and all other entries 0. Since f is linear, we may write it as

f(A) = ZZC’U—A”, (3.5)

where each Cj; is a fixed constant and A;; is the 4, jth entry of A.
Note that the p, gth entry of €;; is d;pdq;, Where d;; is the Kronecker delta.
So, if we fix some indices i, j, a, b, each in the range from 1 to n, then we have

fleizear) =D D Cpg D (6ip01j) (arbqp) = Cinbaj- (3.6)
p=1q=1 k=1
From this, we see that
fleijeji) = Cui and  f(ejiei;) = Cjj.

Since these must be equal, we see that C1; = Cas = --- = C,,. On the other
hand, (3.6) also gives

f(filelj) = C’z and f(eljeil) = Clléij‘
These must be equal, so by looking at values of 7 and j where i # j, we see that
C;; = 0 whenever ¢ # j. Therefore, equation (3.5) can be simplified to
F(A) =" CApe = C(A1r + Aga + -+ + Apyp) = Ctr(A),
k=1

where C' = C1; is a constant. We conclude that f is a scalar multiple of the
trace function. If we require f(I) = n, then we must have C' = 1 and f =tr. O
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3.5.17 Exercise 17

Let W be the space of n X n matrices over the field F', and let W, be the
subspace spanned by the matrices C of the form C = AB — BA. Prove that W)
is exactly the subspace of matrices which have trace zero.

Proof. Let W7 be the subspace of matrices having trace zero. From Exer-

cise we know that
tr(AB — BA) = tr(AB) — tr(BA) =0,

so every matrix of the form AB — BA must be in W;. If we can show that
dim Wy = dim W7, then the proof will be complete.

Since Wi is the null space of a nonzero linear functional, it must have di-
mension equal to dim(W) — 1 = n? — 1. Since Wy is a proper subset of W,
it must have dimension at most n? — 1. So we need only find a set of n? — 1
linearly independent matrices in Wj.

Let ¢;; denote the matrix whose 7, jth entry is 1 and all other entries 0. For
each 7 with 2 <7 < n, let

Si = €5 — €11 = €;1€15 — €14€41.

Then the set S = {S2,...,S5,} is a subset of Wy. Let T be the set of matrices
€;; with ¢ # j. Then 7' is also a subset of Wy, since we can write

€ij = €ij€j5 — €jj€ij;  LF ]
(note that €;;€;; = 0). Now the set S UT consists of
(n—1)4(n*—n)=n?—1

linearly independent vectors belonging to Wy, as needed to complete the proof.
O
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3.6 The Double Dual

3.6.1 Exercise 1

Let n be a positive integer and F' a field. Let W be the set of all vectors

(21,

(a)

., Tp) in F™ such that 1 + -+, = 0.

Prove that W0 consists of all linear functionals f of the form
n
flxy,. ... x,) = chj.
j=1

Proof. If n = 1, then W is the zero subspace and the result is trivial, so
we will suppose n > 1.

Let f be in W°. We can find scalars ci,...,c, in F such that
flxy, ... zn) =iy + - + .

We want to show that ¢y =co =+ = ¢,.

Since f annihilates W, in particular we know that
f(1,-1,0,0,...,0) =¢; —ca =0.
Therefore ¢; = cy. Likewise, we know that
f(0,1,-1,0,0,...,0) = co —c3 =0,

S0 cg = c3. Continuing in this way, we see that the ¢; must all be identical.
Thus f has the form that was specified. O

Show that the dual space W* of W can be ‘naturally’ identified with the
linear functionals

fl@,.. zn) =1z + -+ cpy

on F™ which satisfy ¢; + -+ + ¢, = 0.

Proof. Let U be the space of linear functionals

f(xla'--axn) =T+ -+ Ty
on F™ which satisfy ¢; + - 4+ ¢, = 0. We will show that U is isomorphic
to W*.

Let T be the function from U into W* such that T'(f) is the restriction
of f to W. Then T is a linear transformation. We will show that it is
non-singular. Suppose T(f) = 0. Then f(a) =0 for all @ in W, hence f
belongs to WP°. By the result from part @, we know that f has the form

n
flze, ... xn) = chj.
i=1
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But f belongs to U, so ¢ must be 0 and f is the zero functional. That
is, we have shown that T'(f) = 0 implies f = 0, so T' is non-singular and
hence one-to-one.

Now, it can be shown that U and W both have dimension n — 1. For
example, if {€1,...,€,} is the standard ordered basis for F", then

{e1 — € |2<i<n}

is a set of n — 1 linearly independent vectors which span W. We can
find a similar basis for U. Since T' is a one-to-one linear transformation
between vector spaces of equal dimension, T" must be invertible and thus
is an isomorphism. O
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3.7 The Transpose of a Linear Transformation

3.7.1 Exercise 1
Let F be a field and let f be the linear functional on F? defined by

flx1,29) = axy + bxs.
For each of the following linear operators T, let g = T f, and find g(x1,x2).
(a) T(z1,22) = (21,0)
Solution. We have

g(x1,29) = (T f) (1, 22)
= f(T(x1>$2))
= f(x1,0)

= az;. O
(b) T(x1,22) = (—72,71)

Solution. In this case, we get

g(w1,12) = f(T (w1, 72))
= f(~x2,71)
= —axy + bxy. O

(c) T(w1,22) = (v1 — 22,71 + 72)

Solution.

g(z1,22) = f(z1 — T2, 1 + 22)
= (b+a)r1 + (b — a)xz,. m

3.7.2 Exercise 2

Let V be the vector space of all polynomial functions over the field of real
numbers. Let a and b be fixed real numbers and let f be the linear functional
on V defined by

b
) = [ plo) s
If D is the differentiation operator on V, what is D! f?

Solution. From the definition, we have

b

(D'f)(p) = F(Dp) = / (Dp) () da.

a

So, the fundamental theorem of calculus gives

(D' f)(p) = p(b) — p(a). O
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3.7.3 Exercise 3

Let V be the space of all n x n matrices over a field F' and let B be a fixed n x n
matrix. If T is the linear operator on V' defined by T'(A) = AB — BA, and if f
is the trace function, what is T f?

Solution. From Exercise we know that f(AB) = f(BA). So,

(T"f)(A) = f(TA)

— (AB — BA)
_ [(AB) - f(BA)
-0,
and we see that T*f = 0. O

3.7.4 Exercise 4

Let V be a finite-dimensional vector space over the field F' and let T be a linear
operator on V. Let ¢ be a scalar and suppose there is a non-zero vector « in
V such that Ta = ca. Prove that there is a non-zero linear functional f on V
such that T f = cf.

Proof. Let n = dimV and let o be a nonzero vector in V' with T'a = ca. Define
the linear operator U on V' by

U=T-cl

Then Ua = Ta — ca = 0. Therefore o belongs to the null space of U, which
implies (by Theorem 2) that rank(U) < n. Now consider the linear operator U’
on V*. By Theorem 22, we have

rank(U") = rank(U) < n,

so the nullspace of U? has dimension greater than zero. Therefore we can find
a nonzero linear functional f in V* such that U!f = 0. Then for any 8 in V,

U £)(B)
fup)
f(TB —cp)
f

=(T"

(Tﬂ) —cf(B)
)(B) = cf(B)-

So, we have Tt f = cf as required. O

3.7.5 Exercise 5

Let A be an m X n matrix with real entries. Prove that A = 0 if and only if
trace(A'A) = 0.
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Proof. Certainly if A = 0, then A'A = 0 and trace(A*A) = 0. We now need
only prove the converse. Let B = A! and suppose trace(BA) = 0. Then

Bjidi =

1 j=11

2
A
1

0=> (BA)j; =)

m
Jj=1 j=11 —
Since we have a sum of squares (of real numbers) equal to zero, it must be the
case that each squared number is zero. In particular A;; = 0 for each ¢, j, since
every such entry appears in the sum. O

3.7.6 Exercise 6

Let n be a positive integer and let V' be the space of all polynomial functions
over the field of real numbers which have degree at most n, i.e., functions of the
form

fl@y=co+caz+- -+ cpa”.

Let D be the differentiation operator on V. Find a basis for the null space of
the transpose operator D?.

Solution. Let W denote the range of D. By Theorem 22, the null space of D!
is the annihilator of W. We know that W is the space of polynomials having
degree at most n — 1, so dimW = n — 1. By Theorem 16, the annihilator
WY must have dimension n — (n — 1) = 1, so we may take any nonzero linear
functional in W0 as a basis vector. Let g be the unique linear functional such
that

g(xk) =0nk, 1<k<n.

That is, g sends every polynomial to the coefficient for its 2™ term. In particular,
g annihilates W, so {g} is a basis for W° and therefore also a basis for the null
space of Dt O

3.7.7 Exercise 7

Let V be a finite-dimensional vector space over the field F. Show that 7" — T
is an isomorphism of L(V, V) onto L(V*,V*).

Proof. Suppose V' has dimension n and let U be the function from L(V,V)
into L(V*,V*) given by U(T) = T*. We could show that U is an isomorphism
by appealing to the definition of the transpose. Instead, we will write U as a
composition of three linear transformations Uy, Us, and Us, mapping

L(v, V) Ly pron L2y proxn Usy oy ey

as follows. U; sends an operator T to its matrix [T']g in some fixed basis B, Us
sends an n X n matrix A to its transpose A?, and Uz sends an n x n matrix
[T']p~ to its corresponding linear operator 77 on V*. Then U = UsUyU; and
it follows that U is a linear transformation. Moreover, Theorem 12 shows that
U, and Ujs are isomorphisms, and Us; is an isomorphism since it is obviously
invertible (it is its own inverse). Therefore U is an isomorphism from L(V,V)
onto L(V*,V*). O
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3.7.8 Exercise 8

Let V be the vector space of n X n matrices over the field F.

(a)

If B is a fixed n x n matrix, define a function fg on V by fg(4) =
trace(B!A). Show that fp is a linear functional on V.

Proof. Since the trace function is linear, we have

fB(A; + cAy) = trace(B'(A; + cAy))
= trace(B'A; + cB'Ay)
= trace(B'A;) + ctrace(B'A,)
= f5(A1) + cfp(A2).

Therefore fp is linear. O

Show that every linear functional on V' is of the above form, i.e., is fp for
some B.

Proof. Let g be a linear functional on V. Then g can be written in the

form
n n
D=3 Y s
i=1 j=1
where each c¢;; is a fixed scalar in F'. Now let B be the matrix whose 1, j
entry is c¢;;. Then for each matrix A in V/,

fB(A) = trace(B'A) Z

Jj=1

n n n

Z(Bt)jiAij = Z Zciinj =9(4)

j=11i=1 j=1i=1

Therefore g = fp. O
Show that B — fp is an isomorphism of V onto V*.

Proof. Let T denote the function B — fp. Then

T(A; + cAs)(A) = trace((A; + cAz)' A)
= trace(AL A + cAL A)
= trace( AL A) + ctrace( AL A)
= fa,(A) +cfa,(A)
=T(A1)(A) + cT(A2)(A4),
so T is a linear transformation. Since we have already proven that every
linear functional on V' can be written as fg for some matrix B, it follows

that T is onto. And since dimV = dim V* = n?, this is enough to show
that 7" is an isomorphism (by Theorem 9). O
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